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Last Lecture:

Model of timed behaviour: state variables and their interpretation

First order predicate-logic for requirements and system properties

This Lecture:

Educational Objectives: Capabilities for following tasks/questions.

Read (and at best also write) Duration Calculus formulae.

Content:
Classes of requirements (safety, liveness, etc.)
Duration Calculus:
Assertions, Terms, Formulae, Abbreviations, Examples
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Recall: Correctness
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Let ‘Req’ be a requirement,
‘Des’ be a design, and

‘Impl” be an implementation.

Recall: each is a set of evolutions, i.e. a subset of (Time — xg”le(obsi)),
described in any form.

We say
‘Des’ is a correct design (wrt. ‘Req’) if and only if
Des C Req.
‘Impl’ is a correct implementation (wrt. ‘Des’ (or ‘Req")) if and only if
Impl C Des (or Impl C Req)
If ‘Req’ and ‘Des’ are described by formulae of first-oder predicate logic,

proving the design correct amounts to proving that ‘Des = Req’ is valid.
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Recall: Kinds of Requirements and System Properties
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Assume observables
C' :{0,1}, C(t) = 1 represents a critical system state at time ¢;
G :{0,1}, G(t) = 1 represents a good system state at time ¢;
R :{0,1}, R(t) = 1 represents a request at time ¢.

Typical safety property:
Vt e Timee —|C(t)

Typical liveness property: L.Ame/"SY .
. ‘ oAval; &% Ss'ld::’
1t € Time o G(t) e lo-e] 2 60 Ny 9eé,
¢y
Typical bounded response property: 0.05 lb-<]
/

Vi;i € Timee (R(tl) — dty e +10,t; + 15] ° G(tg)

Typical duration property:

Vb, e € Time o (@(b ¢) —s /b Oty at <(o. e))
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Duration Calculus
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Duration Calculus: Preview
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Duration Calculus is an interval logic.

Formulae are evaluated in an (implicitly given) interval.

BaCk tO our gaS burner gas valve

flame sensor

G,F,I,H :Time — {0,1} _

1gnition

Strangest operators:

(wost
evgﬁ\?vhere — Example: |G|

(Holds in a given interval |b, e] iff the gas valve is open almost everywhere.)

chop — Example: ([-1];[I];[~I]) = £>1 e

(Ignition phases last at least one time unit:

integral — Example: (E >60 = [L< 2%)

(At most 5% leakage time within intervals of at least 60 time units.)
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Duration Calculus: Overview
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We will introduce three (or five) syntactical “levels”:

(i) State Assertions:

@Ole—nPlPl/\Pg

O :=a| L] [L]f(0r....0) qoH R

F:Z:p(ﬁ,...,%)|—lF1|F1/\F2 ’\V/QZOF1’F1@ Jla[‘{ #/f

(v) Abbreviations:

(1, [P1, [P, [PI5', OF, OF
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Symbols: Syntax
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f,g: function symbols, each with arity n € INy.
Called constant if n = 0. f
Assume: constants 0, 1,--- € INp; binary "+ and "', ; ‘kf"‘“‘ﬁ

=2
! \w:g

Assume: constants true, false; binary =, <, >, <, >.

p, q. predicate symbols, also with arity.

x,y,z € GVar: global variables.

X.,Y, Z € Obs: state variables or observables, each of a data type D
(or D(X),D(Y),D(Z) to be precise). T {m/,;rw-n 7(4,0@;
Called boolean observable if data type is {0, 1}.

d: elements taken from data types D of observables.

¢y 1ed, ppon, yelas
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Symbols: Semantics
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Semantical domains are
the truth values B = {tt, ff},
the real numbers R,

time Time,
(mostly Time = Ry (continuous), exception Time = INy (discrete time))

and data types D.

The semantics of an n-ary function symbol f

is a (mathematical) function from R™ to R, denoted f i.e.

f:R" — R.

The semantics of an n-ary predicate symbol p
is a function from R"™ to IB, denoted p, i.e.

p:R" — B.

For constants (arity n = 0) we have f € R and p € B.
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Symbols: Examples
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The semantics of the function and predicate symbols assumed above
is fixed throughout the lecture:

1
4 /.\K\Z_) K HS muu!/;[a’kd.l g[dlé,c):

true = tt, faZse = ff
€ R is the (real) number zero, etc.

0
a]\s : R? — R is the addition of real numbers, etc.

>

: R? — B is the equality relation on real numbers,

< :R? — B is the less-than relation on real numbers, etc.
A L)
°* $- R:—> R ¢ we diose Hhe wmximum, Sp—

“Since the semantics is the expected one, we shall often simply use the

A A N on

symbols 0,1, +, -, =, < when we mean their semantics 0, 1, +,*, =, <.
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Symbols: Semantics
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k.j,g’

/

The semantics of a global variable is not fixed (throughout the lecture)

but given by a valuation, i.e. a mapping

YV :GVar — R

assigning each global variable z € GVar a real number V(z) € R.

We use Val to denote the set of all valuations, i.e. Val = (GVar — R).

Vae o

Global variables are though fixed over time in system evolutions.

The semantics of a state variable is time-dependent.
It is given by an interpretation Z, i.e. a mapping

7 : Obs — (Time — D)
RIS .

assigning each state variable X € Obs a function
T

R ]

Z(X) : Time — D(X)

|

& By
T Time = 3(“")*
XP(lobs..)

JIT'“S : [ dnr _)3)(015/

such that(Z(X)(t) € D(X) denotes the value that X has at time ¢ € Time.
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Symbols: Representing State Variables
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. ,9k)

For convenience, we shall abbreviate Z(X) to X7 (e

An interpretation (of a state variable) can be displayed in form of a
timing diagram.

_ Yz" o0y) N
For instance, 11 e .
0+— = - —
X7 D(X)

d14 — —

ds ;

0‘3 1 [—
Time ?

with D(X) = {d1, d> }uidss
DY) = fo
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Duration Calculus: Overview
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cot] be
We will introduce three (or five) syntactical “levels”: XOA
(o) 7
\/(I) Symbols: & Xed
O,’f'&l‘f,f,g, true, false, =, <, >, <, >, XY Z d

(ii)) State Assertions:

P:=0|1|X=d|<4P, | PLAP;

(iii) Terms:
O:=x|Ll|[P]| f(01,...,0,)

(iv) Formulae:
F::zp(@l,...,ﬁn) | —|F1 | Fl/\FQ ’\V/CIZOFl ’ F]_;F2
(v) Abbreviations:

(1, [P1, [P, [PI5', OF, OF
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State Assertions: Syntax
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The set of state assertions is defined by the following grammar:

P:=0]|1|X=d|-P|PNP;
with dED( ) X o!—.d&(bav/e

We shall use P, (), R to denote state assertions.

Abbreviations:
We shall write X instead of X = 1 if D(X) =4 {0,7f
Define V, — , <= as usual.
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State Assertions: Se
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: mantics , T 0k = (T —D)
The semantics of state a?tm/f’lsa function

Z[P] : Time — {0,1} oF JLeFC) e (obs >6~‘>33))

x Stk Ass

i.e. Z[ P](t) denotes the truth value of P at time ¢t € Time. X Tiver

un Asg AJdW"""‘I“’"‘ x.

— 307§

The value is defined inductively on the structure of P:

710](t) =
=1

1)

(X =d](1) =

I[-P](1)

I[Py A B3] (t) =

06 }2 (5@“.“,,»1;’&/ t&i/m«‘h)

{1 ,if I(x)a):é? (N Xr(f)-‘“’)
, ofheqenise

— (- TILPIE)
1, & TUR)H-TURI&)=1
‘{0 ReIRTIRNY
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State Assertions: Notesy %/
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0 prev. slide

T[X](t) = T[X =1](t) = T(X)(t) = Xz(t), if X boolean, ie. DK )= §0,1

olchrev. A

. : : bbrev 7
Z[P] is also called interpretation of P. a :
We shall write Pz for it.

* Thene ﬁf@?}

Here we prefer 0 and 1 as boolean values (instead of tt and ff) — for

reasons that will become clear immediately.
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State Assertions: Example

Boolean observables G and F'.
State assertion L := G A —F. wMé&'- : (6= 1] A "(:FM))
'iwlu?mhkw
of staty Gz

O g

o =~

Fz

]:1: edaka,
opew% Lz

&u‘km

Q =l

0 i 1I.2 é :-I?, zl; Time
Lz(1.2) =1, because

]:[[ €a T S (’).2) =1

vecase  TEGT(2)=T102)=1

TETI(12)= 9-T(F)(12)=1
Lz(2) =0, because

TC6I(Q)=0

— 03 — 2011-05-03 — Sdcstass
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