
Introduction to Alternating Finite Automata

Pascal Raiola

July 24th, 2013



Outline

1. Accepting with DFAs and NFAs

2. Generalization

3. Alternating finite automata (AFA)

4. Concatenation of two AFAs



Accepting with DFAs

Example: ababa

q1 q2

b b

a

a



Accepting with DFAs

Example: q1ababa

q1 q2

b b

a

a



Accepting with DFAs

Example: aq2baba

q1 q2

b b

a

a



Accepting with DFAs

Example: abq2aba

q1 q2

b b

a

a



Accepting with DFAs

Example: abaq1ba

q1 q2

b b

a

a



Accepting with DFAs

Example: ababq1a

q1 q2

b b

a

a



Accepting with DFAs

Example: ababaq2

q1 q2

b b

a

a

⇒ Not accepted.



Accepting with DFAs

Example: ababaq2

q1 q2

b b

a

a

⇒ Not accepted.



Accepting with NFAs

Example: ababa

q1 q2

b a,b

a

a



Accepting with NFAs

Example: {q1}ababa

q1 q2

b a,b

a

a



Accepting with NFAs

Example: a{q2}baba

q1 q2

b a,b

a

a



Accepting with NFAs

Example: ab{q2}aba

q1 q2

b a,b

a

a



Accepting with NFAs

Example: aba{q1, q2}ba

q1 q2

b a,b

a

a



Accepting with NFAs

Example: abab{q1, q2}a

q1 q2

b a,b

a

a



Accepting with NFAs

Example: ababa{q1, q2}

q1 q2

b a,b

a

a

At least one accepting state ⇒ Accepted.



Accepting with NFAs

Example: ababa{q1, q2}

q1 q2

b a,b

a

a

At least one accepting state ⇒ Accepted.



I NFAs look more general than DFAs,

I but accept the same class of languages.

Can it be even more general?



I NFAs look more general than DFAs,

I but accept the same class of languages.

Can it be even more general?



I NFAs look more general than DFAs,

I but accept the same class of languages.

Can it be even more general?



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Restrictions (NFA)

If we know:

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

and we know

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

Then

q1

q2

q3

⇒ Reading a ⇒

q1

q2

q3

The transition can be more general!



Acceptance condition

I DFAs accept iff the run ends in a final state.

I NFAs accept iff the run ends in a set containing at least one
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I More general: A function h deciding acceptance for each
subset of Q:
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Formal definition: h-AFA & r -AFA

An h-AFA/r -AFA is a 5-tuple (Q,Σ, g , h,F ), where

I Q is the finite set of states,
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I g : Q × Σ× 2Q → {0, 1} is the transition function,
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I F ⊆ Q is the set of final states.

I f ∈ {0, 1}Q is the to F corresponding vector, e.g.

Q = {q1, q2, q3, q4, q5},F = {q2, q3}
⇒ f = (0 , 1 , 1 , 0 , 0)
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Formal definition: h-AFA & r -AFA

I The transition function g : Q × Σ× 2Q → {0, 1} is
universalized from getting just one letter as an input to a
whole word:

I g(q, ε, v) = vq
I g(q, aw , v) = g(q, a, g(w , v))

I Notation: g(w , v) := (g(q,w , v))q∈Q .
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I h(q1, q2) = q1 ∨ q2
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Let AD = (QD ,Σ, δ, s,FD) be a DFA. Let AA = (QA,Σ, g , h,FA)
be an r-AFA with:

I QA = QD

I FA = {s}
I g(q, a, v) = 1 ⇔ ∃p ∈ QD . vp = 1 ∧ δ(p, a) = q

I h(v) = 1 ⇔ ∃q ∈ FD . vq = 1

Then L(AD) = L(AA).

Highly inefficient (see next talk)
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Two r -AFAs:

A1 = (Q1,Σ, g1, h1,F1), A2 = (Q2,Σ, g2, h2,F2)

Target: r-AFA A = (Q,Σ, g , h,F ) with L(A) = L(A1) · L(A2).
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Concatenation of two r-AFAs: Definitions

Let n := |Q1| and m := |Q2|, w.l.o.g m 6= 0 and n 6= 0. Then we
need:

I n states to simulate the one run of A1.

I 2m states to simulate each run in parallel - for each subset of
Q2 we store if there’s a copy of A2 in exactly these states.

Q = {q0, . . . , qn−1︸ ︷︷ ︸
n states

, p0, . . . , p2m−1︸ ︷︷ ︸
m states

}

Each subset x ∈ 2Q2 is associated to a state px .
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Concatenation of two r-AFAs: g on the first n states

A has to run A1 on the whole input word without any possibility of
interruption:

g(a, v)|Q1 = g1(a, v |Q1)
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The state pf2 can be reached:

I as before and

I if A1 accepts a substring.
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∨ h1(g(a, v)|Q1) = 1
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Concatenation of two r-AFAs

Then L(A) = L(A1) · L(A2).
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Thank you!



Additional operations: Union and intersection

Acceptance-checking for AFAs allows working with multiple states
in parallel.

⇒ For both the intersection and the union of two AFAs A1 and
A2, one can run both AFAs in one AFA A = (Q,Σ, g , h,F ):

I Q = Q1 ∪ Q2

I g(q, a, u) =

{
g1(q, a, u|Q1) q ∈ Q1

g2(q, a, u|Q2) q ∈ Q2

I h = h1 ∨ h2 (union) resp. h = h1 ∧ h2 (intersection).

I F = F1 ∪ F2
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Additional operations: Complemet

For the complement B of an AFA A, define hB = hA.


	Introduction

