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Real-Time Systems

Lecture 04: Duration Calculus i
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Last Lecture:

Started DC Syntax and Semantics: Symbols, State Assertions

This Lecture:

Educational Objectives: Capabilities for following tasks/questions.

Read (and at best also write) Duration Calculus terms and formulae.

Content:

Duration Calculus Terms

Duration Calculus Formulae
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Duration Calculus Cont'd
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Duration Calculus: Overview
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We will introduce three (or five) syntactical “levels”:

(i) Symbols:

Pu=0]1|X=d|-P | P A evaduathe/ 40, 1
¢
iz 11 48] fl0n,....

(iii) Terms:

(iv) Formul

DY
Fuo=plh,....0,) | ~Fi | Fi ANFy [Va e Fy | Fyj By evlevecle o

(v) Abbreviations:

(1, [P1, [P, [PI5', OF, OF
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Terms: Syntax
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Duration terms (DC terms or just terms) are defined by the following
grammar:

0:=x|l| [P] f(@lr...)ﬁn)
where g is a global variable, ¢ and [ are special symbols, P is a state
assertion, and f a function symbol (of arity n).

¢ is called length operator, [ is called integral operator

Notation: we may write function symbols in infix notation as usual,
i.e. write 01 + 05 instead of +(601,05).

Definition 1. [Rigid|
A term without length and integral symbols is called rigid.

.

EXanple: x+(g-2)3427 & apd
fv<3 b - rigd
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Terms: Semantics . ., -

[7)
Closed intervals in the timd domain
Intv := {[b,e] | b,e € Time and b < e}

Point intervals: [b, D]

o leb OV be Ao st of 24»&/ vanables.
A vduaho. of bUer s 4 fusncin,
VERAZE — K
e we VAl b bonole Hee sot of ah
ilarlins of Oks, se. W= (dh 5>R)
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Terms: Semantics
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The semantics of a term is a function
Z[0] : Val x Intv — R

i.e. Z[0](V, b, e]) is the real number that 6 denotes under interpretation
7 and valuation V in the interval [b, €].

The value is defined inductively on the structure of 6:

Z[[ZE]] (V7 [bv 6]) = V()()
CLUg{a/ eléwam :h‘lti.(z/

IV, [b,e]) = e-b
a
I[[fp]](vv [b7 6]) :/L .%(éaé/

ILf(61,...,0,)](V,[be]) = f IZZ@J(V,IA.J), IlIc-),,JI(V,[é,eI)
’ A
$ @(){-J\ﬁ () %: R R JO— R

“)ui«a | Sh-6-NG 7/31

TLPY: Time =101
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L <G X
Terms: Example
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Hzx-fL’:'(x,fL)

o
T
=
N
N

S
) Time
3 e:325 Q—\L%e_':?.?
V(z) = 20.
o T1OI0,16dd) = §(ILADLA), TTLB () [oe))- 4(20,125)- 25
IOV, [&ed) = Vk)=20 os
TLR IV [C1zt de < Lel) de 125

o IH(-)&(V,{Q,e'l) = %{ 37
};&ﬁUS& f;?lr”) ﬂlf <0
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Terms: Semantics Well-defined?
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So, Z[[ P](V, |b,€]) is / Pz(t) dt — but does the integral always exist?
b

IOW: is there a Pz which is not (Riemann-)integrable? Yes. For instance

{1 ifteQ={3[pgeZ}

Pr) =1, ift¢Q

To exclude such functions, DC considers only interpretations Z satisfying
the following condition of finite variability:

For each state variable X and each interval [b, €] there is
a finite partition of |b, e| such that the interpretation
X7 iIs constant on each part.

Thus on each interval [b, e] the function X7 has only
finitely many points of discontinuity.
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Terms: Remarks
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\‘.‘im;llcly wa iy Fm‘m‘s do uet wath,”

/

Remark 2.5. The semantics Z[f0] of a term is insensitive against
changes of the interpretation Z at individual time points.

lel T, T, be l'v-Jowam‘fm sucl. Hat II(X)[H:I;(XV(}

fn all X cka‘# -{w me to€ Tim,
Then  T.0630UL6,3) = 1,103V, L,e3).

Remark 2.6. The semantics Z[[0](V, [b,e]) of a rigid term does
not depend on the interval [b, €.
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Duration Calculus: Overview
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We will introduce three (or five) syntactical “levels”:

(i) Symbols:

acR,f, g, true, false, = <,>,<,>, x,vy,2, X,Y, Z,
(i) State Assertions:

P:=0]|1|X=d|-P|PNPs
(iii) Terms:
O:=x|Ll|[P]| f(01,...,0,)
(iv) Formulae:
F:u=p0,...,0,) | "F1 | FiANFy |VzeF | Fy; Fy

(v) Abbreviations:

(1, [P1, [P, [PI5', OF, OF

d
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Formulae: Syntax
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The set of DC formulae is defined by the following grammar:
Fu=p(61,...,00) | 9F | FLAF | Yo e Fy | FijF

where p is a predicate symbol, #; a term, x a global variable.

chop operator: ;
atomic formula: p(6,,...,6,)
rigid formula: all terms are rigid
chop free: ’;’ doesn't occur

usual notion of free and bound (global) variables

Note: quantification only over (first-order) global variables,
not over (second-order) state variables.
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Formulae: Priority Groups
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o To avoid parentheses, we define the following five priority groups from
highest to lowest priority:

o - (negation)
. ; (chop)
o A,V (and/or)
¢« =, — (implication /equivalence)
o 3,V (quantifiers)
(7( 7‘;’7:))V H
Examples: e
o 2F;FVH — ('(-,'-F},‘:)v o
N\ (F); (FvH)
o Va ofF A G)
\ )
()
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Syntactic Substitution...
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...of a term 6 for a variable z in a formula F..

We use
Flx := 0]
to denote the formula that results from performing the following steps:

(i) transform F into F' by (consistently) renaming bound variables such
that no free occurrence of x in F' appears within a quantified
subformula 3z e G or V z e G for some z occurring in 6,

(ii) textually replace all free occurrences of x in F' by 6.

Examples: F:=(x >y = dzez>0Ax=y+z), 01:=4 0Oy:=(+z,

¢ 4
Flx:=0=%>y = dzez>0A%=y+2)

(20~ + ~
Flx:=60]=(¢ >y = EI%’-ZZOA&CSZ-:y+z)
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Formulae: Semantics
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The semantics of a formula is a function

Z[F] : Val x Intv — {tt, ff}

i.e. Z[F](V, |b,e]) is the truth value of F' under interpretation Z and

valuation V in the interval [b, €. f’Rw—‘D H_fnﬁ
| €l
This value is defined inductively’on the sty{cture of F: /GK

Ilp(O; -, 00)[(V; [, ]
I[-F](V, b, €]

I[F A F](V, (b e

IV e Fy](V, b, €]

) = 3(TLOIV [bed), ..., LGV, Lbe] )
) =t iff TEFHS(V, [Le]) < £

) = tt iff TEFad (V [4,d) = ZL T30, (ope]) =4

) = tt iff foy alf qﬁ\% syuloof

ILFIx:=al () [bel)=#

T[Fy : B](V. b, e]) =Hiff dwe is an welbel sich Haal

TERIMI6T)« TOF, D(Vhlme]) -2
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Formulae: Example
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Pie Kol

Fi=fL=0;fL=1 (fg._.:q):g
[G=1) Ul R 1A
Ue)=1,  (=(s,1) S
1 _ R >R vty
LIO : : >8 :
&Tu’a" [} :; ZIL Time

vl'la iy
I[F](V,[0,2]) = &
2!00‘3 Qoaxe m=1 . A
“TLJc=08 (v, [01‘3) =‘=(0:0) =4
LLII(Mlon3)s0
TOSL<1J(V, [120) = 2(1,1] =€
TC/28(0.23) =1

AU we[043 asc g lo.n‘wl-.s.

[ f')[v4"‘/‘l=4
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