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Contents & Goals
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Last Lectures:

(Un)decidability results for fragments of DC
in discrete and continuous time.

This Lecture:

Educational Objectives: Capabilities for following tasks/questions.
What does this standard forms mean? Give a satisfying interpretation.
What are implementables? What is a control automaton?

Please specify (and prove correct) a controller which satisfies this
requirement.

Content:
DC Standard Forms

Control Automata
DC Implementables

Example

2/37



— 08 — 2013-05-28 — main

DC Implementables
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Requirements vs. Implementations
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Problem: in general, a DC requirement doesn’t tell how to achieve it,
how to build a controller/write a program which ensures it.

What a controller (clearly) can do is:
consider inputs now,

change (local) state, or sensors

. plant controller
walt, —

actuators
J R \

set outputs now.
(But not, e.g., consider future] inputs now.)

So, if we have
a DC requirement ‘Req’,

a description ‘Impl” in DC,
which “uses” just these opgrations,
—
then
proving correctness amounts to proving =o Impl = Req (in DC)

and we (more or less) know how to program (the correct) ‘Impl’

in a PLC language, or in C on a real-time OS, or or or. ..
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Approach: Control Automata and DC Implementables
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Plan:
Introduce PC Standard Forms

Introduce Control Automata

IntroduceLDC Implementables’as sfibset of DC Standard Forms

Example: a correct gontroller desigh for the notorious Gas Burner

g
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DC Standard Forms: Followed-by
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Jo )

In the following: F'is a DC formula, P a state assertion, 6 a rigid term.
Followed-by:
F —5 [P] ie= ~0(F; [<P]) <= O~(F;[-P])
in other symbols

VeeU(FAlL=x);{>0 = (FAlL==x);]|P]; true)

vt are
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DC Standard Forms: Followed-by Examples
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VeeU(FAl=x);{>0 = (FAl=2x);]|P]; true)

T : Q] — [P]?
A ‘
a — ——
4 I}
R, L
) L1, |
L sy |
b e~~~ e
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1 f’l | WA AN~
’ |
j‘ —
K, .
C ha

T o lbe]
ozoo ne &

TRI—TP]

(/37


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift


DC Standard Forms: Followed-by Examples
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VeeU(FAl=x);{>0 = (FAl=2x);]|P]; true)

dso ol Ldet psind
ik
f@\l/z/(QvPW?
0 e
o R
| . |
; ‘
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DC Standard Forms: Followed-by Examples
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VeeU(FAl=x);{>0 = (FAl=2x);]|P]; true)

_- — I -
NOT ——tH
(,.,/L/—\_
| ([Q1AL=1) — [P]?
0 T
9 = — ' (P
Ql‘ :v rv—-';\_/\——
OI i f ; 1 ! I
b 2:]’ b L+§>0 e
[ ]
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DC Standard Forms: (Timed) leads-to
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o (Timed) leads-to: /ﬂq"(/
&

F-25[P)ie= (FAE=0) — [P]

F-2 1P
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DC Standard Forms: (Timed) up-to
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(Timed) up-to:

F —=— |[P| <= (FAN{<0) — |P]

F — | P]
P _ 1 -
1 T
Qo — —
I I
I I
b e
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DC Standard Forms: Initialisation
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Followed-by-initially:

F — |P] = ~(F; [=P])

F—>0(P—‘

(Timed) up-to-initially:

F 200 [P] = (FAL<0) — [P

Initialisation:

N \/([PW ; true)
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Control Automata
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Let X1,..., X be k state variables
ranging over finite domains D(X3),...,D(Xk).

With a DC formula ‘Impl’ ranging over X1,..., Xk
we have a system of £ control automata.

‘Impl’ is typically a conjunction of DC implementables.

A state assertion of the form
Xz' = dz', dz - D(XZ),

which constrains the values of X, is called basic phase of X;.

A phase of X; is a Boolean combination of basic phases of X.

Abbreviations:
Write X, instead of X; = 1, if X, is Boolean.

Write d; instead of X; = d;, if D(X;) is disjoint from D(X), @ # j.
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Control Automata: Example
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Model of Gas Burner controller as a system of four control automata:

H Boolean,

representing heat request,

F' Boolean,
representing flame,

—_ reads

C' with D(C') = {idle, purge, ignite, burn},
' h f th Il
representing the (status of the) contro epmi_/c:

(G Boolean,

representing gas valve.

Basic phase of ("

Phase of ('

C' = purge (or only: purge)

purge V idle

(input)
(input)
(local)

(output)
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DC Implementables
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DC Implementables
are special patterns of DC Standard Forms (due to A.P. Ravn).

Within one pattern,
T, T1,...,7Ty, >0, denote phases of the same state variable X,

© denotes a state assertion not depending on Xj.

0 denotes a rigid term.

Initialisation:
|V [7]; true

Sequencing:
(7] — [fVmL V-V,
Progress:
7] =[]
Synchronisation:

7 A p] — [-n]

15/37
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DC Implementables Cont'd
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Bounded Stability:

(I~n1: [ A Q) =5 favm v v,

—

T P
Unbounded Stability:

-] [mApl—[TVTL V-V,

Bounded initial stability:

[T A @ S—9>0 TNV VeV, ]

Unbounded initial stability:

[T AN pl—qgTV TV VT,
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Specification by DC Implementables
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Let X4,..., X be a system of k control automata.
Let ‘Impl" be a conjunction of DC implementables.

Then ‘Impl’ specifies all interpretations Z of X4,..., X
and all valuations V such that

7,V = Impl

Hmm: And what does this have to do with controllers...?
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Example: Gas Burner
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Recall: Control Automata
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Model of Gas Burner controller as a system of four control automata:

H : Boolean,
representing heat request,

F' : Boolean,

representing flame,

C' with D(C') = {idle, purge, ignite, burn},
representing the controller,

GG : Boolean,
representing gas valve.

(input)
(input)
(local)

(output)
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Gas Burner Controller Specification
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\ﬂ Vv [idle] ; trug [TV [—-H]|; true, [|V[-F];true, []V [-G]; true (Init-1 - 4
[idle] — [idle V purge] (Seq-1

—

[purge] — [purge V ignite] (Seg-2
[ignite] — [ignite V burn] (Seg-3
[burn] — [burn V idle] (Seq-4

{ [purge] %% [—purge] (Prog-1

-

[ignite] Lot [—ignite] (Prog-2

)

)

)

)

)

)

)

[idlg — [—idle] (Syn-1)
[burn )] — [—burn] (Syn-2)
[G A (idle V purge)] —— [~G] )
[—G A (ignite V burn)] = [G] )
)

it)

)

)

)

)

(n Pu‘l

elect

llu L (Syn-4

ﬁa# (Stab-1

r(—udle] ; [idle | — [idle]
| ridle AfiHI s Tidle]
( [—purge] ; [purge] = [purge]

[—ignite] ; [ignite] =02 [ignite]
[=burn] ; [burn @“] — [burn]

[F]; [-F A —ignite] — [ F] (Stab-5
[—F A —ignite] —¢ [ F] (Stab-5-init)
[G]; [-G A (idle V purge)] — [-G] (Stab-6)
[=G A (idle V purge)| —¢ [-G] (Stab-6-init)
(=G ; [G A (ignite V burn)| — [G] (Stab-7)
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Gas Burner Controller Specification: Untimed
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[V [idle] ; true (Init-1)
lidle] — [idle V purge] (Seq-1)
| purge| — [purge V ignite]| (Seq-2)
[ignite] — [ignite V burn] (Seq-3)
[burn] — [burn V idle]| (Seq-4)

idls 7 ?‘"J"
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Gas Burner Controller Specification: Timing
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304¢

purge| — |—purge] (Prog-1)
lignite] | mignite| (Prog-2)
| —purge] ; [purge| = | purge] (Stab-2)
[—ignite] ; [ignite] =09 lignite]| (Stab-3)
( 30
I
|7
_———W’\'_’:
v
| />
[ —+
30 +£ 051§
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Gas Burner Controller Specification: Outputs
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g Y 7
I — / 7
[G A (idle V purge)] — [-G] (Syn-3)
(=G A (ignite V burn)] — [G] (Syn-4)
|G| ; |-G A (idle V purge)] — [-G] (Stab-6)
| =G A (idle V purge) | —¢ [~G] . (Stab-6-init)
(=G ; [G A (ignite V burn)] — [G] \\\ (Stab-7)
MeFélhe N\y|  (Wh4)
Valwe close (open elhe - stys closrt e,
o & Tu A
(alest
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Gas Burner Controller Specification: Inputs
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lidle A.H |

|burn A (=H V = F)]
| —idle] ; [idle A —H ]
lidle A =H'

[—burn|; [burn A H A F'|

L H s 0" v dis o
l/bcylf/mué/nofd«yli)‘&fc
= [—idle] (Syn-1)
— [—burn] (Syn-2)
— [idle] (Stab-1)
— [idle] (Stab-1-init)
— [burn] (Stab-4)

24 /37
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Gas Burner Controller Specification: Assumptions
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[V [-H]; true (Init-2)
|V [2F]; true (Init-3)
o =G trmre 4

[ F']; [—F A —ignite| — [~ F| (Stab-5)

[ = F' A —ignite| —¢ [~ F] \\ (Stab-5-init)

Vo sfd‘h“léh’ ocd 7/4‘44
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Gas Burner Controller Correctness Proof
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GB-Ctrl :=Init-1 A--- AStab-7Ae >0

Recall:
Req <=0/ >60 = 20- [ L <Y)

and (cf. [Olderog and Dierks, 2008])

= Regq-1 =— Req
for the simplified

Reg-1:=0(/ <30 = [L<1).

Here we show
= GB-Ctrl A A(e) = Req-1.

26/37
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Lemma 3.15 (

el —  fG<e))
_GBCl — | " Upreel = JG=9
St A ([ignite] = £ < 0.5+ ¢)
[cd] K A ([burn] = [—F < 2¢) )

Proof: Let Z be an interpretation, V a valuation,
and [c,d] an interval with Z,V, [c,d| = GB-Ctrl. Let [b,e] C ¢, d].

Case 1: Z,V, [b, €] = [idle]
[G A (idle V purge)] — [~G]] (Syn-3)
('mcl"l( (G ; [-G A (idle V purge) | — [—G] (Stab-6)

LV, [be] £ O(G] = £ <) A=0([G]: [2G];[G])

s e donf ofe
’ () F o agein . fm

Case 2: Z,V, [b, €] = [purge] Analogously to case 1.

27 /37


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift


Lemma 3.15 Cont’d (fidle] = [G<e
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([purge] = [G <e¢
([ignite]| = ¢ <0.5+¢

N——r — N N

Case 3: Z,V, |b, e] = |ignite| (Tourn] == J=F <2 @K)
lignite| gl | —ignite | (Prog-2)
4
Z,V,[be] E£<05+¢
Case 4: Z,V, |b,e]| = [burn]
[burn A (=H V =F)] — [—burn] (Syn-2)
[ F']; [-F A —ignite| — [~ F| (Stab-5)
Fl
( /ril,‘r“\”
[ VB ARDInF = £ A0 D UL
O (sekl
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Lemma 3.16
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=deeGB-Ctrl —= O/ <30 = [L<1)

7

"

Reqg-1

Sonf, Sk
(st T,V Lbed st TG LbeJ F GB- Gl A ¢4 530

l.—l I

D.‘skﬂaw‘sl, (SRS
TV Ibed F [T (0)
O e n te20) (1)
v(Trael 7w alizp)  (2)
V(FIW?,'M > Zé}d) 3
v( Tovan 1;4au A €23%0) 4,
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Lemma 3.16 Cont'd
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Case 0: Z,V, [b,e] E= |] /

Case 1: Z,V, |b,e] = |idle] ; true A £ < 30

lidle| — [idle V purge]| (Seq-1)

<30

(—upuréew ; [purge| = [purge] (Stab-2)

che,,}z: Tdi1, TolleT, Tpage

* <‘A'I,V,Lb,e])= e viliss; free

Ths Lé\Of) S sa-g'u'eaf %,, 527~¢ w Al @e.,
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Lemma 3.16 Cont'd
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Case 2: Z,V, |b,e] = [burn] ; true A £ < 30

|burn| — [burn V idle] (Seq-4)

QI,U,LZ,:J):(IZ&M)D IZWL’M?,‘?(W)A X%

e MQI/V) Lhe] E ( \/Z €28 v \/LéZz/' JL <05 )/1 lelo

Ql,l), el JL € 4s

Tus (5205 sifuiet 4 Yy-7
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Lemma 3.16 Cont'd
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Case 3: Z,V, |b, e] = |ignite]| ; true A £ < 30
[ignite] — [ignite V burn| (Seq-3)
<%r,u, Che] (] il T [ ) 1 42

35, (2) QII/, [Le]F JL €05+ //zwsvz/ﬁ—é”)/‘&”
G Ty thetr Jut 05+6¢

S [2£01) ¢ sfenct £ b1
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Lemma 3.16 Cont'd
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Case 4: Z,V, |b,e] = [purge]| ; true A £ < 30

|purge| — |purge V ignite| (Seq-2)

QIU/[é/J #/’/_*'fgt— 1% Tf-bgcj, W //'7@1/,, L2
3./'9’,(31 QF-IOILA)(]}:,/Z-AS v (./Z_ég/./z égjﬁ/
Q:r,(),am}r/zéa;%

[, 1
The @] b sfuct A ly.7 1 s e
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Correctness Result

Theorem 3.17.

}<~—

Y )%wlt | boon | HAle
~—€>/30—>(<— 205 — , /
S5 fLeg JL ¢0S+; 2 ¢2¢ leg
& J/ 05165
Co AG)=ecT
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—

ér30 —
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Discussion
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We used only
‘Seqg-1", ‘Seq-2', ‘Seq-3', ‘Seq-4’,
‘Prog-2', ‘'Syn-2', ‘Syn-3’,
‘Stab-2’, ‘Stab-5’, ‘Stab-6'.
What about

Prog-1 = [purge]| A | —purge]

for instance?

W, b s e Guiemout (i vl der]
.H,M— A W daes ﬂmvlfnly %’M@/
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