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ü
ch

i
A

u
to

m
ata

an
d

tim
ed

reg
u
lar

lan
g
u
ag

es
[A

lu
r

an
d

D
ill,

1
9
9
4
].

•
T

h
e

U
n
iversality

P
ro

b
lem

is
u
n
d
ecid

ab
le

for
T

B
A

[A
lu

r
an

d
D

ill,
1
9
9
4
]

•
W

h
y

th
is

is
u
n
fortu

n
ate.

•
T

im
ed

reg
u
lar

lan
g
u
ag

es
are

n
o
t

everyth
in

g
.

– 15 – 2013-07-02 – Sprelim –

2
/
3
0

Tim
ed

B
üchiA

utom
ata

[A
lur

a
n
d

D
ill,1

9
9
4]

– 15 – 2013-07-02 – main –

3
/
3
0

R
e

call:
Tim

ed
L

a
n

g
u

ages

D
e
fi
n
itio

n
.

A
tim

e
se

q
u
e
n
ce

τ
=

τ
1
,τ

2 ,...
is

an
in

fi
n
ite

seq
u
en

ce
o
f

tim
e

valu
es

τ
i
∈
R

+0
,
satisfyin

g
th

e
fo

llow
in

g
co

n
strain

ts:

(i)
M

o
n
o
to

n
icity:

τ
in

creases
strictly

m
o
n
o
to

n
ically,

i.e.
τ

i
<

τ
i
+

1
for

all
i
≥

1
.

(ii)
P
ro

g
re

ss:
F
or

every
t
∈
R

+0
,
th

ere
is

so
m

e
i
≥

1
su

ch
th

at
τ

i
>

t.

D
e
fi
n
itio

n
.

A
tim

e
d

w
o
rd

o
ver

an
alp

h
ab

et
Σ

is
a

p
air

(σ
,τ

)
w

h
ere

•
σ

=
σ

1
,σ

2
,···

∈
Σ

ω
is

an
in

fi
n
ite

w
ord

o
ver

Σ
,
an

d

•
τ

is
a

tim
e

seq
u
en

ce.

D
e
fi
n
itio

n
.

A
tim

e
d

la
n
g
u
a
g
e

o
ver

an
alp

h
ab

et
Σ

is
a

set
o
f

tim
ed

w
ord

s
o
ver

Σ
.

– 15 – 2013-07-02 – Stba –

4
/
3
0

R
e

call:

E
xam

ple:
Tim

ed
L

a
n

g
u

age
T

im
e
d

w
o
r
d

o
ver

alp
h
ab

et
Σ

:
a

p
air

(
σ
,
τ
)

w
h
ere

•
σ

=
σ

1
,
σ

2
,
.
.
.

is
an

in
fi
n
ite

w
ord

o
ver

Σ
,
an

d

•
τ

is
a

tim
e

seq
u
en

ce
(strictly

(!)
m

o
n
o
to

n
ic,

n
o
n
-Z

en
o
).

L
c
r
t

=
{((a

b)
ω
,τ

)
|
∃

i
∀

j
≥

i
:
(τ

2
j

<
τ
2
j
−

1
+

2)}

– 15 – 2013-06-26 – Stba –

1
6

– 15 – 2013-07-02 – Stba –

5
/
3
0

Tim
ed

B
üchiA

utom
ata

D
e
fi
n
itio

n
.

T
h
e

set
Φ

(X
)

o
f

clo
ck

co
n
stra

in
ts

o
ver

X
is

d
efi

n
ed

in
d
u
ctively

b
y

δ
::=

x
≤

c
|
c
≤

x
|
¬

δ
|
δ
1
∧

δ
2

w
h
ere

x
∈

X
an

d
c
∈
Q

is
a

ratio
n
al

co
n
stan

t.

D
e
fi
n
itio

n
.

A
tim

e
d

B
ü
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m

p
u
ta

tio
n

of
M

is
an

in
fi
n
ite

con
secu

tive
seq

u
en

ce

〈1,0,0〉
=

〈i
0 ,c

0 ,d
0 〉,〈i

1 ,c
1 ,d

1 〉,〈i
2 ,c

2 ,d
2 〉,...

th
at

is,
〈i

j
+

1 ,c
j
+

1 ,d
j
+

1 〉
is

a
resu

lt
execu

tin
g

in
stru

ction
i
j

at
〈i

j ,c
j ,d

j 〉.

A
com

p
u
tation

of
M

is
called

re
cu

rrin
g

iff
i
j

=
1

for
in

fi
n
itely

m
an

y
j
∈
N

0 .
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Step
1:

T
he

L
a

n
g

u
age

ofR
e

currin
g

C
om

p
utatio

ns

•
L
et

M
b
e

a
2C

M
w

ith
n

in
stru

ction
s.

W
a
n
te

d
:

A
tim

ed
lan

gu
age

L
u
n
d
e
c

(over
som

e
alp

h
ab

et)
represen

tin
g

exactly
th

e
recu

rrin
g

com
p
u
tation

s
of

M
.

(In
p
articu

lar
s.t.

L
u
n
d
e
c

=
∅

if
an

d
on

ly
if

M
h
as

n
o

recu
rrin

g
com

p
u
tation

.)

•
C
h
o
ose

Σ
=

{b
1 ,...,b

n
,a

1 ,a
2 }

as
alp

h
ab

et.

•
W

e
represen

t
a

con
fi
gu

ration
〈i,c,d

〉
of

M
by

th
e

seq
u
en

ce

b
i

a
1
...a

1
︸

︷
︷

︸

c
tim

es

a
2
...a

2
︸

︷
︷

︸

d
tim

es

=
b
1 a

c1 a
d2
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Step
1:

T
he

L
a

n
g

u
age

ofR
e

currin
g

C
om

p
utatio

ns

L
et

L
u
n
d
e
c

b
e

th
e

set
of

th
e

tim
ed

w
ord

s
(σ

,τ
)

w
ith

•
σ

is
o
f
th

e
form

b
i
1
a

c
1

1
a

d
1

2
b
i
2
a

c
2

1
a

d
2

2
...

•
〈i

1 ,c
1
,d

1 〉,〈i
2
,c

2
,d

2 〉,...
is

a
recu

rrin
g

co
m

p
u
tatio

n
o
f
M

.

•
F
or

all
j
∈
N

0 ,

•
th

e
tim

e
o
f
b
i
j

is
j.

•
if

c
j
+

1
=

c
j :

for
every

a
1

at
tim

e
t

in
th

e
in

terval
[j,j

+
1
]

th
ere

is
an

a
1

at
tim

e
t
+

1
,

•
if

c
j
+

1
=

c
j
+

1
:

for
every

a
1

at
tim

e
t

in
th

e
in

terval
[j

+
1
,j

+
2
],

excep
t

for
th

e
last

o
n
e,

th
ere

is
an

a
1

at
tim

e
t
−

1
,

•
if

c
j
+

1
=

c
j
−

1
:

for
every

a
1

at
tim

e
t

in
th

e
in

terval
[j,j

+
1
],

excep
t

for
th

e
last

o
n
e,

th
ere

is
an

a
1

at
tim

e
t
+

1
,

A
n
d

an
alo

g
o
u
sly

for
th

e
a
2 ’s.
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Step
2:

C
o

nstruct“
O

bserver”
for

L
u
n
d
e
c

W
a
n
te

d
:

A
T

B
A

A
su

ch
th

at

L
(A

)
=

L
u
n
d
e
c ,

i.e.,
A

accep
ts

a
tim

ed
w
ord

(σ
,τ

)
if

an
d

on
ly

if
(σ

,τ
)

/∈
L

u
n
d
e
c .

A
p
p
ro

a
ch

:
W

h
at

are
th

e
reason

s
for

a
tim

ed
w
ord

n
o
t

to
b
e

in
L

u
n
d
e
c ?

R
e
ca

ll:
(σ

,τ
)

is
in

L
u
n
d
e
c

if
an

d
on

ly
if:

•
σ

=
b
i
1
a

c
1

1
a

d
1

2
b
i
2
a

c
2

1
a

d
2

2

•
〈i

1 ,c
1
,d

1 〉,〈i
2
,c

2
,d

2 〉,...
is

a
recu

rrin
g

co
m

p
u
tatio

n
o
f
M

.

•
th

e
tim

e
o
f
b
i
j

is
j,

•
if

c
j
+

1
=

c
j

(=
c

j
+

1
,
=

c
j
−

1
):

...
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Step
2:

C
o

nstruct“
O

bserver”
for

L
u
n
d
e
c

W
a
n
te

d
:

A
T

B
A

A
su

ch
th

at

L
(A

)
=

L
u
n
d
e
c ,

i.e.,
A

accep
ts

a
tim

ed
w
ord

(σ
,τ

)
if

an
d

on
ly

if
(σ

,τ
)

/∈
L

u
n
d
e
c .

A
p
p
ro

a
ch

:
W

h
at

are
th

e
reason

s
for

a
tim

ed
w
ord

n
o
t

to
b
e

in
L

u
n
d
e
c ?

(i)
T

h
e

b
i

at
tim

e
j
∈
N

is
m

issin
g
,
or

th
ere

is
a

sp
u
rio

u
s

b
i

at
tim

e
t
∈

]j,j
+

1
[.

(ii)
T

h
e

p
refi

x
o
f
th

e
tim

ed
w
ord

w
ith

tim
es

0
≤

t
<

1
d
o
esn

’t
en

co
d
e
〈1

,0
,0
〉.

(iii)
T

h
e

tim
ed

w
ord

is
n
o
t

recu
rrin

g
,
i.e.

it
h
as

o
n
ly

fi
n
itely

m
an

y
b
i .

(iv)
T

h
e

co
n
fi
g
u
ratio

n
en

co
d
ed

in
[j

+
1
,j

+
2
[
d
o
esn

’t
faith

fu
lly

rep
resen

t
th

e
eff

ect
o
f
in

stru
ctio

n
b
i

o
n

th
e

co
n
fi
g
u
ratio

n
en

co
d
ed

in
[j,j

+
1
[.

P
la

n
:

C
on

stru
ct

a
T

B
A

A
0

for
case

(i),
a

T
B

A
A

i
n
i
t

for
case

(ii),
a

T
B

A
A

r
e
c
u
r

for
case

(iii),
an

d
on

e
T

B
A

A
i

for
each

in
stru

ction
for

case
(iv).

T
h
en

set

A
=

A
0
∪
A

i
n
i
t
∪
A

r
e
c
u
r
∪

⋃

1
≤

i≤
n

A
i
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Step
2.(i):

C
o

nstruct
A

0

(i)
T

h
e

b
i
at

tim
e

j
∈
N

is
m

issin
g
,
or

th
ere

is
a

sp
u
rio

u
s

b
i
at

tim
e

t
∈

]j,
j
+

1
[.

[A
lu

r
an

d
D

ill,
1994

]:
“It

is
easy

to
con

stru
ct

su
ch

a
tim

ed
au

tom
aton

.”
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Step
2.(ii):

C
o

nstruct
A

in
it

(ii)
T

h
e

p
refi

x
o
f
th

e
tim

ed
w
ord

w
ith

tim
es

0
≤

t
<

1
d
o
esn

’t
en

co
d
e
〈1

,0
,0
〉.

•
It

accep
ts

{(σ
j ,τ

j )
j
∈
N

0
|
(σ

0
6=

b
1 )

∨
(τ

0
6=

0)
∨

(τ
1
6=

1)}.

– 15 – 2013-07-02 – Suniv –

2
0

/
3
0



Step
2.(iii):

C
o

nstruct
A

r
e
c
u
r

(iii)
T

h
e

tim
ed

w
ord

is
n
o
t

recu
rrin

g
,
i.e.

it
h
as

o
n
ly

fi
n
itely

m
an

y
b
i .

•
A

r
e
c
u
r

accep
ts

w
ord

s
w

ith
on

ly
fi
n
itely

m
an

y
b
i .
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Step
2.(iv):

C
o

nstruct
A

i

(iv)
T

h
e

co
n
fi
g
u
ratio

n
en

co
d
ed

in
[j

+
1
,j

+
2
[

d
o
esn

’t
faith

fu
lly

rep
resen

t
th

e

eff
ect

o
f
in

stru
ctio

n
b
i

o
n

th
e

co
n
fi
g
u
ratio

n
en

co
d
ed

in
[j,j

+
1
[.

E
xa

m
p
le

:
assu

m
e

in
stru

ction
7

is:

In
crem

en
t

cou
n
ter

D
an

d
ju

m
p

n
on

-d
eterm

in
istically

to
in

stru
ction

3
or

5.

O
n
ce

a
g
a
in

:
stepw

ise.
A

7
is
A

17
∪
···∪

A
67 .

•
A

17
accep

ts
w
ord

s
w

ith
b
7

at
tim

e
j

b
u
t

n
eith

er
b
3

n
or

b
5

at
tim

e
j

+
1
.

“
E
asy

to
co

n
stru

ct.”

•
A

27
is

ℓ
0

ℓ
1

ℓ
2

∗

b
7

x
:=

0

∗
a
1

x
<

1

x
:=

0

¬
a
1
,x

=
1

x
6=

1

•
A

37
accep

ts
w
ord

s
w

h
ich

en
co

d
e

u
n
exp

ected
in

crem
en

t
o
f
co

u
n
ter

C
.

•
A

47
,...,A

67
accep

t
w
ord

s
w

ith
m

issin
g

d
ecrem

en
t

o
f
D

.
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C
o

nseq
uences:

L
a

n
g

u
age

Inclusio
n

•
G
ive

n
:

T
w
o

T
B

A
s
A

1
an

d
A

2
over

alp
h
ab

et
B

.

•
Q

u
e
stio

n
:

Is
L

(A
1 )

⊆
L

(A
2 )?

P
o
ssib

le
a
p
p
lica

tio
n
s

o
f
a

d
e
cisio

n
p
ro

ce
d
u
re

:

•
C
h
aracterise

th
e

allow
ed

b
eh

aviou
r

as
A

2
an

d
m

o
d
el

th
e

d
esign

as
A

1 .

•
A

u
tom

atically
ch

eck
w

h
eth

er
th

e
b
eh

aviou
r
of

th
e

d
esign

is
a

su
b
set

of
th

e
allow

ed
b
eh

aviou
r.

•
If

la
n
g
u
a
g
e

in
clu

sio
n

w
as

d
ecid

ab
le,

th
en

w
e

cou
ld

u
se

it
to

d
ecid

e
u
n
iversality

of
A

by
ch

eckin
gL
(A

u
n
i
v
)
⊆

L
(A

)

w
h
ere

A
u
n
i
v

is
a
n
y

u
n
iversal

T
B

A
(w

h
ich

is
easy

to
con

stru
ct).
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C
o

nseq
uences:

C
om

plem
entatio

n

•
G
ive

n
:

A
tim

ed
regu

lar
lan

gu
age

W
over

B
(th

at
is,

th
ere

is
a

T
B

A
A

su
ch

th
at

L
(A

)
=

W
).

•
Q

u
e
stio

n
:

Is
W

tim
ed

regu
lar?

P
o
ssib

le
a
p
p
lica

tio
n
s

o
f
a

d
e
cisio

n
p
ro

ce
d
u
re

:

•
C
h
aracterise

th
e

allow
ed

b
eh

aviou
r

as
A

2
an

d
m

o
d
el

th
e

d
esign

as
A

1 .

•
A

u
tom

atically
con

stru
ct

A
3

w
ith

L
(A

3 )
=

L
(A

2 )
an

d
ch

eck

L
(A

1 )
∩

L
(A

3 )
=

∅,

th
at

is,
w

h
eth

er
th

e
d
esign

h
as

an
y

n
on

-allow
ed

b
eh

aviou
r.

•
T
akin

g
for

gran
ted

th
at:

•
T

h
e

in
tersectio

n
au

to
m

ato
n

is
eff

ectively
co

m
p
u
tab

le.

•
T

h
e

em
p
tyn

ess
p
ro

b
lem

for
B

ü
ch

i
au

to
m

ata
is

d
e
cid

a
b
le

.

(P
ro

o
f
b
y

co
n
stru

ctio
n

o
f
reg

io
n

au
to

m
ato

n
[A

lu
r

an
d

D
ill,

1
9
9
4
].)
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C
o

nseq
uences:

C
om

plem
entatio

n

•
G
ive

n
:

A
tim

ed
regu

lar
lan

gu
age

W
over

B
(th

at
is,

th
ere

is
a

T
B

A
A

su
ch

th
at

L
(A

)
=

W
).

•
Q

u
e
stio

n
:

Is
W

tim
ed

regu
lar?

•
If

th
e

class
of

tim
ed

regu
lar

lan
gu

ages
w
ere

closed
u
n
d
er

co
m

p
le

-
m

e
n
ta

tio
n
,

“th
e

com
p
lem

en
t

of
th

e
in

clu
sion

prob
lem

is
recu

rsively
en

u
m

erab
le.

T
h
is

con
trad

icts
th

e
Π

11 -h
ard

n
ess

of
th

e
in

clu
sion

prob
-

lem
.”

[A
lu

r
an

d
D

ill,
1994]

A
n
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-com
p
lem

en
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le
T

B
A
A

:
a

a
x

:=
0

a

a
x

=
1

a

L
(A

)
=

{(a
ω
,(t

i )
i∈

N
0 )

|
∃

i
∈
N

0
∃

j
>

i
:
(t

j
=

t
i
+

1)}

C
om

p
lem

en
t

lan
gu

age:

L
(A

)
=

{(a
ω
,(t

i )
i∈

N
0 )

|
n
o

tw
o

a
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sep
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by
d
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1}.
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B
eyo

n
d

Tim
ed

R
eg

ular

W
ith

clo
ck

con
strain

ts
of

th
e

form

x
+

y
≤

x
′
+

y
′

w
e

can
d
escrib

e
tim

ed
lan

gu
ages

w
h
ich

are
n
ot

tim
ed

regu
lar.

In
o
th

e
r
w
o
rd

s:

•
T

h
ere

are
strictly

tim
ed

lan
g
u
ag

es
th

an
tim

ed
reg

u
lar

lan
g
u
ag

es.

•
T

h
ere

exists
tim

ed
lan

g
u
ag

es
L

su
ch

th
at

th
ere

exists
n
o
A

w
ith

L
(A

)
=

L
.

E
xa

m
p
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:

ℓ
1

ℓ
0

ℓ
2

a
,x

:=
0

b,y
:=

0

c

2x
=

3y

{((a
bc)

ω
,τ

)
|
∀

j.(τ
3
j
−

τ
3
j
−

1 )
=

2(τ
3
j
−

1
−

τ
3
j
−

2 )}
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