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Contents & Goals

Last Lecture:
DC Syntax and Semantics: Abbreviations (“almost everywhere)

Satisfiable/Realisable/Valid (from 0)

Semantical Correctness Proof

This Lecture:

Educational Objectives: Capabilities for following tasks/questions.

What are obstacles on proving a design correct in the real-world, and how
to overcome them?

Facts: decidability properties.
What's the idea of the considered (un)decidability proofs?

Content:

(Un-)Decidable problems of DC variants in discrete and continuous time
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Speafication and &mantics-based CorrednessProofs of
Real-Time Systems with DC
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Methoddogy: | deal World...
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(i) Choose a collection of observables ‘Obs’.

(i) Provide the requirement/specification ‘Spec’
as a conjunction of DC formulae (over ‘Obs’).

(iii) Provide a description ‘Ctrl’
of the controller in form of a DC formula (over ‘Obs’).

(iv) We say ‘Ctrl" is correct (wrt. ‘Spec’) iff

o Ctrl = Spec.
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Gas Burner Revisited
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gas valve
flame sensor

— TT--.

ignition i

two boolean observables G and F'
(i.e. Obs = {G, F}, D(G) =D(F) ={0,1})

G = 1: gas valve open

(i) Choose observables:

F =1: have flame
define L := G A\ —F (leakage)

(i) Provide the requirement:

Req: <= O >60 = 20-[L <)

Gas Burner Revisited

burne:
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(i) Provide a description ‘Ctrl’
of the controller in form of a DC formula (over ‘Obs’).
Here, firstly consider a design:

(output)
(input)
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Des-1: 4= O([L] = £<1) “phates of luhlage have AWJA af mesl7"

Des2: <= O([L]: [L]:[L]) = €>30) “ihels e Lz (000

(iv) Prove correctness: bibe : L : L sbouty
We want (or do we want |=...7): lh'r/( bges o 30°
= (Des-1 A Des-2 = Req) (Thm. 2.16)
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Gas Burner Revisited
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(iii) Provide a description ‘Ctrl’
of the controller in form of a DC formula (over ‘Obs’).
Here, firstly consider a design:

Des-1: <= O([L] = (<1)

Des-2: <= O([L]|; [—-L];[L] = £> 30)
(iv) Prove correctness:
We want (or do we want |=¢...7):

= (Des-1 A Des-2 = Req) (Thm. 2.16)
We do show
= Reg-1 = Req (Lem. 2.17)
with the simplified requirement
Reg-1:=0( K30 = [L<1),
and we show
= (Des-1 A Des-2) = Reg-1. (Lem. 2.19)

Gas Burner Revsited: Lemna 2.17

burne:
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Claim: -* 'H ﬂ”I(V,[LM}

O <30 = [L<1) — O(¢>60 — 20-[L <)

eq-1 Req
Proof:
Assume ‘Reg-1".
Let Lz be any interpretation of L, and [b, ] an interval with e —b > 60,

&ﬁ V ) Yeéthzﬂ'aa.
Show “20- [L < ¢, ie.

IL0 i< 8 (V, [he]) =#

e f L 2 (e-d)

6,/' 35
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Gas Burner Revisited: Lemma 2.17

EOE<30 = [L<1)

Reg-1

— O >60 = 20-[L <)

Set n := [63—_01’], ile.ne€Nwithn—-1< ES—_OZ’ < n, and split the interval

TN
b+ 30 b+ 60 b+30(n—2) b+30(n—1) b+ 30n
l; T 1 : I T ; ‘
. ey be shofly How. ¢p
D 176) ¥
fj’i(-z)fwzo[m) e Lot /
0. () () H *—/ ) ¢
o (Z-; b 300 L)() 5430 (n-2)
2 JL
{%ﬂéwz:m + 201
‘§ :20"‘\ { C—L >/(0
e-b
“h«%ﬂmﬁﬁO s
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Same Laws of the DC Integral Operator

burner

Theorem 2.18
For all state assertions P and all real numbers 1,75 € R,

() EfP<t,
i) E(UP=r);([P=r))=(IP=ri+m)
(i) g [-P] = [P =0,

(iv)y ] = [P=0.

2013-05-08 — Sdcgas!
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Gas Burner Revisited: Lemma 2.1§®OF/P<t (=[] = [P=0.

(i) = P=mr);([P=r2)

1
g
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= [P=r1+72,
(iii) = [-P] — /P =0,

Claim:

E(O(L] = ¢<1)ADO(L]; [~L];[L] = £>30) = O¢<30 = [L<1)

Des-1 Des-2
/me
Proof:
€% W rr
shole =1 v(fzer)ilrviaey)
b} VILE (VAL 6 &) v L7 (T e £7)
v LT (rvTe) v Ly Jr g1, e
vF|L7~TL7i ned @, = f1=0
v 8.‘.50’/\ olre RO, 1Y) 4de-2 ;(a’:’i}% v(liey),; (fmov fL=0)
= v lL=o, (Jt:00JL 41)
Bbed = « v {¢:0; Jeerfi=0

Reg-1

RN
1o} v (et (TIvILY) $GR= Jr=o
v [5L7; (T1v ¢9) v JL Lo
Ll leq; LT vJLeou
Vet vz ¢0{1+0
D fze1

Obstacles in Non-Ideal World
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Methoddogy: The World is Not Ideal...
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(i) Choose a collection of observables ‘Obs’.
(i) Provide specification ‘Spec’ (conjunction of DC formulae (over ‘Obs")).
(iii) Provide a description ‘Ctrl" of the controller (DC formula (over ‘Obs’)).

(iv) Prove ‘Ctrl' is correct (wrt. ‘Spec’).

That looks too simple to be practical. Typical obstacles:

(i) It may be impossible to realise ‘Spec’
if it doesn't consider properties of the plant.

(ii) There are typically intermediate design levels between ‘Spec’ and ‘Ctrl'.
(iii) ‘Spec’ and ‘Ctrl" may use different observables.

(iv) Proving validity of the implication is not trivial.
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Obstacle (i): Assumptions As A Form of Plant Model
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Often the controller will (or can) operate correctly only under some
assumptions.
For instance, with a level crossing

we may assume an upper bound on the speed of approaching trains,
(otherwise we'd need to close the gates arbitrarily fast)

we may assume that trains are not arbitrarily slow in the crossing,
(otherwise we can’t make promises to the road traffic)

We shall specify such assumptions as a DC formula ‘Asm’ on the input
observables and verify correctness of ‘Ctrl’ wrt. ‘Spec’ by proving
validity (from 0) of

Ctrl AAsm = Spec

Shall we care whether ‘Asm’ is satisfiable?

Chlnlibe o> e f Asn sl sebifuldy
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Obstacle (ii): Intermediate Design Levds
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A top-down development approach may involve
Spec — specification/requirements
Des — design
Ctrl — implementation

Then correctness is established by proving validity of
Ctrl = Des (1)

and
Des = Spec (2)
(then concluding Ctrl = Spec by transitivity)

Any preference on the order?
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Obstacle (iii): Different Observables
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Assume, ‘Spec’ uses more abstract observables Obs4 and ‘Ctrl"” more
concrete ones Obsc.
For instance:
in Obs4: only consider gas valve open or closed (D(G) = {0,1})
in Obsc: may control two valves and care for intermediate positions,
for instance, to react to different heating requests
(D(G1) ={0,1,2,3},D(G2) ={0,1,2,3})
To prove correctness, we need information how the observables are
related — an invariant which links the data values of Obs, and Obsc.

If we're given the linking invariant as a DC formula, say ‘Linkc, 4', then
proving correctness of ‘Ctrl’ wrt. ‘Spec’ amounts to proving validity (from
0) of
Ctrl A Linkg, 4 = Spec.

Ar—

For instance,
Linkea =l 6 € (6,46,50)7
OMG & (6:046570) 1
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Obstacle (iv): How to Prove Corredness?
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by hand on the basis of DC semantics,

maybe supported by proof rules,

sometimes a general theorem may fit (e.g. cycle times of PLC automata),

algorithms as in Uppaal.

DC Properties
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Deadallity Results: Motivation
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Recall:

Given assumptions as a DC formula ‘Asm’ on the input observables,
verifying correctness of 'Ctrl’ wrt. ‘Spec’ amounts to proving

o Ctrl AAsm = Spec (1)

If ‘Asm’ is not satisfiable then (1) is trivially valid,
and thus each 'Ctrl’ correct wrt. ‘Spec’.
So: strong interest in assessing the satisfiability of DC formulae.

Question: is there an automatic procedure to help us out?
(a.k.a.: is it decidable whether a given DC formula is satisfiable?)

More interesting for ‘Spec’: is it realisable (from 0)?

Question: is it decidable whether a given DC formula is realisable?

Deadahlity Results for Realisahility: Overview
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/msdde‘c/ C

Fragment Discrete Time Continous Time
i
RDC decidable decidable

RDC + ¢ =r decidable for » € IN | undecidable for r € R+

RDC + [P =[P undecidable undecidable
RDC+ ¢=2z,Vx undecidable undecidable
DC wm(za‘f%[c u.&m((da/véé

20/'35
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Restricted DC (RDC)

RDC in Discrete Time
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where P is a state assertion, but with boolean observables only.

0111x=0]X=1[~P|Rv R

F = [P-I |_|F1|F1\/F2|F1;F2

Note:

No global variables, thus don't need V.
c‘nap is‘“'\’d

w [ wo € (i Wq/}

no fwb‘zqk, o fumefiots Jyméoé
OF..2

.2
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Discrete Time Interpretations
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An interpretation 7 is called discrete time interpretation if and only if,
for each state variable X,

X7 : Time — D(X)

with
USRI S
T'mé B ]R.O . . not 4 I
all discontinuities are in INg. )77 H

q N :
X —
t t f )
24/'35

Discrete Time Interpretations
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An interpretation Z is called discrete time interpretation if and only if,

for each state variable X, 0/1L 2 I rb J/f rP7
Xz :Time — D(X)

with / .(t)dt =@-4)
Time = ]Ra', (E é) 0
all discontinuities are in INg. A z

An interval [b,e] C Intv is called discrete if and only if b, e € INy.

We say (for a discrete time interpretation Z and a discrete interval [b, e])
Z,[be] E F1; Fy
if and only if there exists m € [b, e] N Ny such that
A
Ia[b7m}':F1 and Ia[m7e]':F2
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Differences between Continuows andDiscrete Time
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Let P be a state assertion.

Continuous Time

Discrete Time

= ([P15[P])
= [P]

v/

= [P] =

([P15[P])

v

= o

" [P nels
1
bk TPl
r

e
wd (..Z"f'mm w-bropo

Differences between Continuows and Discrete Time

2013-05-08 — Sdisc

— 06—

Let P be a state assertion.

Continuous Time

Discrete Time

= ([P]: [PT)
= [P]

= [P] =

([P35 [PT)

In particular: ¢ =1 <= ([1] A=(]1];[1])) (in discrete time).

25/35
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Expressvenessof RDC
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e l=1 = [11A=([1]5]1])

e (=0 — 117

o true = €=0v(€=0)

« [P=0 = [~PTve=0

« [P=1 — [P=0); (TPlat=1); JP=0
« [P=k+1 = ([P=k); (JP=1)

o [P>k — ([P=k); P

o« [P>k — [P 2k +1

o [P<k = (JP>k)

« [P<k = [P £ k-1 v,
where k € IN. OF ::-)(M,'T‘ i

v Rdc
26/35

Deadahlity of Satisfiahilit y/Reali sahility from 0
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Theorem 3.6.
The satisfiability problem for RDC with discrete time is decidable.

Theorem 3.9.
The realisability problem for RDC with discrete time is decidable.
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Sketch: Proof of Theorem 3.6
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give a procedure to construct, given a formula F', a regular language
L(F) such that

Z,[0,n] = F if and only if w € L(F)
where word w describes Z on [0, n]

(suitability of the procedure: Lemma 3.4)

then F is satisfiable in discrete time if and only if L(F) is not empty
(Lemma 3.5)

Theorem 3.6 follows because
L(F) can effectively be constructed,
the emptyness problem is decidable for regular languages.
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Construction d L(F)
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Idea:
alphabet X(F') consists of basic conjuncts of the state variables in F,
a letter corresponds to an interpretation on an interval of length 1,
a word of length n describes an interpretation on interval [0, n].

Example: Assume F' contains exactly state variables X, Y, Z, then

S(F) = {XAY NZ X NY A=Z, X A=Y NZ, X A=Y N=Z,
“XANYNZ, - XANYANZ-XANYNZ-XANY N-Z}.

I : '
XIO G I
L [ : = (~X A=Y A2)
R : { (X A=Y A-Z)
2 A (XAY A=Z)
0 : : , R (X AY AZ)€X(F)*

(Tims [elXaya 142

Cow CAJ( L
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Construction d £(F") more Formally
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Definition 3.2. A word w = ay...a, € X(F)* with n > 0
describes a discrete interpretation Z on [0, n] if and only if

Vie{l,...,n}Vtelj—1,40: T[a;](t) =1

For n = 0 we put w =e¢.

& J

Each state assertion P can be transformed into an equivalent disjunctive
normal form \/[" | a; with a; € X(F).

Set DNF(P) := {ay,....an} (CS(F)). bt of bogll of (ot e
Define £(F') inductively:
((PD = DUF(P)T,
-F) =R(F\UE|
F1VF2) X7 v L(F),
L(F i F) = UR) (T
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