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Exercise 1: Regular traces 1 Point

Exercise 2: Transitive closure 1 Point
Let R be a binary relation over a set . Consider the following two relations.

e Let Ry be the smallest set such that the following properties hold.

(a) R C Ry and
(b) for all 5,5, 5" € X if (s,8) € Rye1 and (5, 8”) € Ry then (s,5") € Ryenn

e Let Ryq2 be the smallest set such that the following properties hold.

(a) R C Ryqo and
(b) for all s,s',s” € ¥ if (s,5") € Ryp and (8',s”) € R then (s,5") € Ryup

Prove that the equality R;,1 = Ry holds.

Exercise 3: Transitive closure, abstract version 1 Point
We consider the same setting as in Exercise [2]

(a) Lift the definitions of Ry and Ryo to an abstract domain (call the new relations
R, and R, respectively).

(b) Does R¥,, = R¥,, still hold?

tel



(a) The only change (underlined) is that the relations are defined over an abstract domain of
transition predicates.

o Let Rt#cll

(i) «(R) C R, and
(i) forall s,s',s" € Xif (s,¢) € Rz’;l and (¢',s") € R

tel
o Let Rﬁm

i) a(R) C R” _ and
tcl2
(ii) for all s,5',s" € X if (s,5') € Ry, and (s',5”) € R then a((s,s")) € Rf,,

be the smallest set in D# such that the following properties hold.

| then a((s,s")) € R,

be the smallest set in D# such that the following properties hold.

In least fixed point/abstract interpretation notation we could write:

R, =pX € D*. X Ja(R)Ua(X of X)

R, =pY € D*.Y Ja(R)Ua(Ro~(Y))

(The abstract operators and ~y are not important in our setting because our abstraction is in
the same domain (sets of transitions).)

(b) In general equality does not hold. The following counterexample may be easier to understand
by writing pairs of states instead of formulas.

Let R := {p} with p:=x =1 A2’ = 1. The predicates are:
Preds:={(z=1A2'=1)V(z=1A2"=2)V(z=2A2"=1),z =272 =2}

First we compute a(R) ={(z =1A2' =1)V(ze=1A2'=2)V(z=2A2' =1)}.

We execute the first step for the fixed point equations and get

a(R)Ua(a(R) o a(R))
a(R)Ua(Roa(R))

(R)U{z=2Az" =2}
(R).
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Thus we reached a fixed point in the second case while in the first case we have at least one

additional element. Hence Rf;l DaRYU{z=2N2"=2} D a(R) = Rilz.




