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Abstract. We propose timed (finile) automala to model the behavior of real
time systems over time. Qur definition provides a simple, and yet powerful, way to
annotate state transition graphs with timing constraints using finitely many real
valued clocks. A timed automaton accepts timed words — infinite sequences in
which a real valued time of occurrence is associated with each symbol. We study
timed automata from the perspective of formal language theory: we consider closure
properties, decision problems, and subclasses. We consider both nondeterministic
and deterministic transition structures, and both Biichi and Muller acceptance con
ditions. We show that nondeterministic timed automata are closed under union and
intersection, but not under complementation, whereas deterministic timed Muller
automata are closed under all Boolean operations. The main construction of the
paper is an (PSPACE) algorithm for checking the emptiness of the language of a
(nondeterministic) timed automaton. We also prove that the universality problem
and the language inclusion problem are solvable only for the deterministic automata:
both problems are undecidable (II} hard) in the nondeterministic case and PSPACE
complete in the deterministic case. Finally, we discuss the application of this theory
to automatic verification of real time requirements of finite state systems.

Keywords: Real time systems, automatic verification, formal languages and au
tomata theory.

!Preliminary versions of this paper appear in the Proceedings of the 17th International Colloguium on
Automata, Languages, and Programming (1990), and in the Proceedings of the REX workshop “Real-time:
theory in practice” (1991).
2Current address: AT&T Bell Laboratories, 600 Mountain Avenue, Room 2D-144, Murray Hill, NJ
07974.
3Supported by the National Science Foundation under grant MIP-8858807, and by the United States
Navy, Office of the Chief of Naval Research under grant N00014-91-J-1901. This publication does not
necessarily reflect the position or the policy of the U.S. Government, and no official endorsement of this
work should be inferred.
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Timed Biichi Automata

Alur and Dill (1994)
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vs. Timed Automata
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press?

x> 3

%

timed automaton A induces
computation paths and runs such as

¢ = (off,0),0 — (off, 1), 1
Pressty dlight, 0),1 —>— (light, 3), 4
Presst bright, 3),4 — . ..

Behaviour of A:
set of computation paths / runs.

symbol new: accepting state
(not action) (double outline)

Timed Buchi Automaton .4 accepts
timed words such as

(a,1), (b,2), (a,3), (b,4), (a,5), (b,6), ...

Language of A:
set of accepted timed words.
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Timed Languages
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Definition. A time sequence 7 = 71, 72, . . . is an infinite sequence of time values
7, € Ry, satisfying the following constraints:

(i) Monotonicity: T increases sirictly monotonically, i.e. 7; < 7,41 foralls > 1.
(i) Progress: For everyt € Ry, there is some i > 1 such that 7; > ¢.

Definition. A timed word over an alphabet X is a pair (o, 7) where

P e

e 0 = 01,092, - € X% isan infinite word over X, and

e T is atime sequence.

Definition. A timed language over an alphabet X is a set of timed words over ..
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Example: Timed Language
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Timed word over alphabet 3: a pair (o, 7) where

e 0 = 01,02,... isaninfinite word over X, and
o 7 is atime sequence (strictly (!) monotonic, non-Zeno).

(2
e

7 >, ={a,b}
Loy ={((ab)*,7) | i € NTV)j>i: (15 < T2j_1+2)}

=%, <2

Cﬁb )k - ‘W:lﬁ M}QM%

o= a b a b a b . a b a b
T1 T2 T3 T4 T5 T6 T2i—1 T24

9 12 15 18 s 61 — 3 62
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Example: Timed Language
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Timed word over alphabet 3: a pair (o, 7) where

e 0 = 01,02,... isaninfinite word over X, and
o 7 is atime sequence (strictly (!) monotonic, non-Zeno).

> ={a,b}
Lo = {((ab)?,7) | /H\Lg/]l\\lj Vji>i:(my <mj_1+2)}

| 5>
o= a b a b a b ... a b a b
T1 T2 T3 T4 T5 T6 T2:—1 T24
3 6 13 2y 221 29 SR 100 00 .2
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Timed Biichi Automata

7 G ! (WZ ats o ':8 for,
niCc SHpe v
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a

Definition. The set ®(.X) of clock constraints over X is defined inductively by

du=x<c|lc<lx|d]|d A2, wherez € X, c € Q.

=

Definition.
A timed Buchi automaton (TBA) A is a tuple (X2, S, So, X, F, F'), where

e Y isan alphabet,

o Sis afinite set of states, Sy C S is a set of start states,

I N

e X is a finite set of clocks, and

o EC Sx8xXx2% x ®(X) gives the set of transitions.

An edge (s, s’, a, A, §) represents a transition from state s to state s’ on input
symbol a. The set A C X gives the clocks to be reset with this transition, and §
is a clock constraint over X.

e F' C Sisasetof accepting states.

J

9/36


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Pencil

westphal
Pencil


Example: TBA

A=(X,55,X,E,F)
(s,8',a,\,0) € E

b, x < 2
e :13 —O e
D1 =fass
< _—_ZSo,Sqlszlﬁsg :[—/: stT
S EY
X = i3

g': % (56,54.G.ﬁ/,+:7/u\/ ?
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(Accepting) TBA Runs
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K

_over a timed word (o, 7) is an infinite sequence of the form

Definition. A run r, denoted by (s, 7), of a TBA (3, S, So, X, E, F)

~

TIMM(SQ,V2>@...

with s; € Sand v; : X — R, satisfying the following requirements:

X
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(Accepting) TBA Runs
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-

Definition. A run r, denoted by (s, 7), of a TBA (3, S, So, X, E, F)
over a timed word (o, 7) is an infinite sequence of the form

o (50,10) —= (s1,11) 25 (s50,10) = ...
T1 T2 T3
l ]

with s; € Sand v; : X — R, satisfying the following requirements:
¢ Initiation: SONEVSO andv(z) =0forall z € X.
o Consecution: foralli > 1, thereis (s;_1, s:, 0, Ai, §;) in E such that

o (vi—1+ (7 — Ti—1)) satisfies 9;, and
o v = (Vim1 + (15 — Tiz1))[ X := 0]

N
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(Accepting) TBA Runs
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K
Definition. A run r, denoted by (s, 7), of a TBA (3, S, So, X, E, F)
over a timed word (o, 7) is an infinite sequence of the form

o (50,10) —= (s1,11) 25 (s50,10) = ...
n— T1 -~ T2 A= T3

with s; € Sand v; : X — R, satisfying the following requirements:

e Initiation: s € Spandv(x) = 0forallz € X.
o Consecution: foralli > 1, thereis (s;_1, s:, 0, Ai, §;) in E such that
o (vi—1 + (73 — 1i—1)) satisfies 9;, and

o v = (Vim1 + (15 — Tiz1))[ X := 0]

The set inf (r) C S consists of those states s € S such that s = s; for infinitely

G

many ¢ > 0.

N

J

Definition. Arun r = (5, ) of a TBA over timed word (o, 7)
is called (an) accepting (run) if and only if inf (r) N F # ().
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Example: (Accepting) Runs
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r: (80,10) — (s1,11) =25 (s2,1v2) = ... initialand (s;_1, s;, 04, Ai, 8;) € E, st.
1 T2 T3

(1/7;_1 + (Tz' — T’i—l)) ): Oi, V5 = (Vz'—l = (Ti — Tfi—l))P\i = 0]. Accepting iff znf('r) NF # 0.

b b,x < 2

Timed word: (a, 1), (b,2), (a, 3), (b,4), (a,5), (b,6), ...

NN

o Can we construct any run? Is it accepting?

a L :
0 LS 0D 7Cs,,00 —> 5y, 1> —2—5 <s,,0) “"7[@) :;33,52 S 5’523’;{/9/ v
e Can we construct a non-run?

No. BLeT (%”), (5/40), (a, /’>, (Q_’Z)I v C5,,0> ﬂi; (s, 6 k jeﬂ‘ Sty

<%.0> 255, 1> %-) s, 10D %3 RS
o Can we construct a (non-)accepting run? )

L a
450'07—2_% (5414) ? (50,23‘3_7 (sﬂl g) T
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The Language of a TBA N Dp
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e

4 N
Definition. For a TBA A,
the language L(.A) of timed wofdg'it accepts is defined to be the set
o,7T) | A has an accepting run over (o, 7)}.
{(o,7) | has an accepting (0,7)}
For short: L(A)}hﬁguageﬁm\
\ \—j J

V/ \(;\/
O

Definition. A timed language L is a timed regular language
if and only if L = L(.A) for some TBA A.

13/36
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Example: Language of a TBA
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L(A) = {(o,7) | Ahas an accepting run over (o, 7)}.

b b,x < 2
a
(o) (0
a T a, x:=0

Claim: L(A) = Loy (={((ab)¥,7) | 31Vj >0 : (125 < T2j—1+2)})
o (0,7) € L(A) = (0,7) € Lev: |7

o (0,7) € Ly = (0,7) € L(A):

/

Question: Is L., timed regular or not? YE S
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The Universality Problem is Undecidable for TBA

Alur and Dill (1994)
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The Universality Problem
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o Given: ATBA A over alphabet X..
e Question: Does 4 accept all timed words over 37

In other words: Is L(A) = {(o,7) | 0 € X%, 7 time sequence}.

o Obvious examples exist: Let ¥ = {a, b, c}, then a

@(—

C

accepts all timed words over ..
e In general not that obvious.

16/36



The Universality Problem
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o Given: ATBA A over alphabet X..
e Question: Does 4 accept all timed words over 37

In other words: Is L(A) = {(o,7) | 0 € X%, 7 time sequence}.

Theorem 5.2. The problem of deciding whether a timed automaton
over alphabet ¥ accepts all timed words over ¥ is 1} -hard.

(“The class I11 consists of highly undecidable problems, including some nonarithmetical sets
(for an exposition of the analytical hierarchy consult, for instance [Rogers, 1967].)

Recall: With classical (untimed) Blichi Automata, this is different:
N L =

Let B be a Blichi Automaton over ..
B is universal if and only if L(B) = (.
B’ such that L(B') = L(B) is effectively computable.

Language emptyness is decidable for Blichi Automata.
N~ —_

16/36
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all computations of M

—

Proof Idea

non-recurring recurring
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computations

X

computations

b 4

o
encoding as timed wora all gmed
words over
(once again). some >
b 4
& - [, Lundec
- Hundec encodings of
— regarring recurring
=L <A> t computations

o Consider a language L ,4ec consisting of
the recurring computations of a M.

onstruct a TBA A from M which accep
the complement of L e, i.e. with L

o Then A is universal if and only if L, 4cc is empty...
...if and only if M doesn’t have a recurring computation.

Lundec-

o Thus if universality of TBA would be decidable,
we had a decision procedure for recurrence of 2-counter machines.

17/36
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Once Again: Two Counter Machines (Different Flavour)
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A two-counter machine M

e has two counters C, D and

e afinite program consisting of n instructions {b1,...,b,}.
An instruction or one of the counters,
or , here even non-deterministically.

A configuration of M isatriple (i,c,d) € {1,...,n} x Ny x IN:
e program counteri € {1,...,n},
e values ¢, d € INg of counters C' and D.

A computation of M is an infinite, initial, consecutive sequence

<1,0,0> = <’i(),C(),d0>, <’i1,01,d1>, <’i2,62,d2>, ... Where

® <’i0,Co,d0> = <1,0,0>,

o (ij+1,Cj+1,d;+1) isaresult executing instruction b, at (5, c;, d;) forall j € INo.

A computation of M is called recurring iff ¢; = 1 for infinitely many j € INj.

18/36



Step 1: Choose Alphabet
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o Given: Let M be a 2-counter machine with n instructions {61, ..., b, }.

e Wanted: a Timed Blichi Automaton .4 which accepts timed words
which do not encode a recurring computation of M.

That is, A should accept the complement of the set of timed words which do encode a
recurring computation of M.

o Choose alphabet > = {b1,...,b,,a1,a2}.

A configuration
<;i,c,d> e{1,...,n} x INg x INg
AN

of M is represented by thé létter sequence
/ ’ \
: {)i:ql...&lag...a%:biafag

7 \
- r =~

N7 ctimes |  dtimes
]

/ \ /

19/36
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Construction ldea
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(o, 7)isin Lypgec iff:

co do

d
o 0 =b;a{tas'bi,ai?a5? ..., and

o the prefix of o with times 0 < ¢ < 1

encodes configuration (1, 0, 0), and

o the time of b;, is j, and

o Forallj € N,

if cj+1 = c;: for every a; at time ¢ in the
interval [j, 7 + 1] thereisan a; att + 1,

if c;+1 = ¢; + 1: for every a1 attime ¢ in
the interval [j 4- 1, j + 2], except for the last
one, thereisan aj attime ¢t — 1,

if cj+1 = c¢; — 1: for every a1 attime tin

theinterval [, j +1], except for the last one, <

there isan a7 attime ¢t + 1,

and analogously for the a2’s, and

<i1, Ci, d1>, <i2, C2, d2>, ce
is a recurring computation of M,
thus b; occurs infinitely often.

<by, 7,02

‘/’/3,2,07

1 time unit

20736
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Construction ldea
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(o, 7)isin Lypgec iff: (o, 7)isnotin Ly,gec
o 0 =b;a"al bi,a5?ay? ..., and (ie. (0,7) € Lundec) iff:

o the prefix of o with times 0 < ¢ < 1

encodes configuration (1,0, 0), and (i) the prefix of o with times 0 < ¢ < 1

encode (1,0, 0), or
o the time of b;, is j, and

e Forall j € INg, (ii) b; attime j € INis , or there is
a spurious b; at time ¢ €]j,j + 1], or

o thetimeof b;; is .

o if ¢cj4+1 = c;: for every a1 at time t in the

interval [j, j + 1] thereisan a; att + 1, (iii) the configuration encoded in
o if Cj+1 = ¢j + 1: for every a; at time ¢ in [+ 1,5+ 2]
theinterval [j + 1, j + 2], except for the last o
one, thereis an a; attimet — 1, doesnt faithfully represent the
o ifcj;1 = ¢; — 1: for every aq attime t in o b‘ij on the configuration
theinterval [j, j + 1], except for the last one, encodedin [j,j + 1], or
thereisan a; attime ¢ 4 1,
and analogously for the a2’s, and (iv) the timed word is not recurring, i.e. it

has only bi.

® <i1, Ci, d1>, <i2, C2, d2>, ce
is a recurring computation of M,
thus b; occurs infinitely often.
20736
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Step 2: Construct “Observer” for L ,gec
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Wanted: A TBA A such that
L(A) — Lundeca

i.e., A accepts a timed word (o, 7) ifand only if (0, 7) ¢ Lyndec.

Plan: Construct a TBA
o A, for case (ii)
[missing b; at time j, or spurious b;],

o A, for case (i)
[initial configuration not encoded],

o A, ... for case (iv)
[not recurring], and

o A, for each instruction b; for case (iii)
[instruction effect not encoded].

Then set
A= AO U Ainit U A'recur U U Az

1<i<n

21/36



Step 2.(ii): Construct Ay
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(i) The b; attime j € IN is missing, or there is a spurious b; at time ¢t €]j, 5 + 1].

Alur and Dill (1994): “It is easy to construct such a timed automaton.”

22/36



Step 2.(i): Construct A
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(i) The prefix of the timed word with times 0 < ¢ < 1 doesnt encode (1,0, 0).
\

o It accepts \

{(oj.)jemo | (G0 £ b))V (0 #0) V (1 £ 1)} b,

23/36
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Step 2.(iv): Construct A, ccy,
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(iv) The timed word is not recurring, i.e. it has only finitely many b7.

o A, ccur accepts words with only finitely many by.

g = >QQ 74» |
/ﬂ

még\,tvwéc/zn 63

24/36
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Step 2.(iii): Construct A;

-18 - 2018-01-23 - Suniv -

(iii) The configuration encoded in [j + 1, j + 2[ doesn' faithfully represent the effect of
instruction b; on the configuration encoded in [, 7 + 1].

Example: assume instruction 7 is:

Increment counter D and jump non-deterministically to instruction 3 or 5.
Once again: stepwise. A7 is AL U --- U AS.

o A3 accepts words with b7 at time j but neither b3 nor b5 at time j + 1.
“Easy to construct.’

2.
o IS
A7 " % —ai,r =1
ai
y b ge Z r <1 )
0 z:=0 U r:=0 2
x#1

o A3 accepts words which encode unexpected change of counter C.

o A7,..., A% accept words with missing increment of D.

25/36
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Aha, And...?
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Consequences: Language Inclusion

nd -
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e Given: Two TBAs 4, and A, over alphabet B.
e Question: Is £(A;) C L(A3)?

Possible applications of a decision procedure:

o Characterise the allowed behaviour as A, and model design behaviour as A;.

o Automatically decide £(A;) C L(Az), thatis,
whether the behaviour of the design is a subset of the allowed behaviour.

o If yes, design is correct wrt. requirement.

o If language inclusion was decidable, then we could use it to decide universality of
A by checking

where A,,,.;, is any universal TBA (which is easy to construct).

28/36



Consequences: Complementation

nd -
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o Given: A timed regular language W over B
(that is, there is a TBA A such that £(.A) = W).
 Question: Is TV timed regular?

Possible applications of a decision procedure:

o Characterise the allowed behaviour as A; and model design behaviour as A;.
o Automatically construct A3 with L(A3) = L(A2) and check

L(A1) N L(Asz) =0,

that is, whether the design has any non-allowed behaviour.
o Taking for granted that:

o The intersection automaton is effectively computable.

o The emptyness problem for Blichi automata is decidable.
(Proof by construction of region automaton Alur and Dill (1994).)

29/36



Consequences: Complementation

nd -
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o Given: A timed regular language W over B
(that is, there is a TBA A such that £(.A) = W).
 Question: Is TV timed regular?

o If the class of timed regular languages were closed under complementation, “the
complement of the inclusion problem is recursively enumerable. This contradicts
the IT; -hardness of the inclusion problem.” Alur and Dill (1994)

A non-complementable TBA A:

a

\8x—0vx—1@

L(A) ={(a®, (ti)ien,) | Fi € No g >1: (f; =1 +1)}

Complement language:

L(A) ={(a”, (t;)ien,) | NO two a are separated by distance 1}.

29/36
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e Timed Biichi Automata

(e vs. Pure/Extended Timed Automata
—(e timed word, timed language

—(e accepting TBA runs

e language of a TBA

e The Universality Problem of TBA

—e definition: universality problem
—e undecidability claim
—e proof idea: 2-counter machines again

(e construct observer for
non-recurring computations

e Consequences

o the language inclusion problem
o the complementation problem

e Beyond Timed Regular
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With clock constraints of the form

r+y<a +y

we can describe timed languages which are not timed regular.
In other words:

o There are strictly more timed languages than timed regular languages.

o There exists timed languages L such that there exists no .A with L(A) = L.

Example:
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e Timed Biichi Automata

(e vs. Pure/Extended Timed Automata
—(e timed word, timed language

—(e accepting TBA runs

e language of a TBA

e The Universality Problem of TBA

—e definition: universality problem
—e undecidability claim
—e proof idea: 2-counter machines again

(e construct observer for
non-recurring computations

e Consequences

o the language inclusion problem
o the complementation problem

e Beyond Timed Regular
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o Timed Buchi Automata accept timed words,
Pure / Extended Timed Automata
“produce’ computation paths.

o Different views on the same phenomenon.

o Aset of timed words L is called timed regular
if there exists a TBA whose language is L.

» Decidability results for Timed Blichi Automata

o Emptyness: decidable (region construction)

e Universality: undecidable (2-counter automata)

e Language Inclusion: undecidable (universality)

e Complementation: undecidable (hon-complable TBA)

e Beyond Timed Regular

o with more expressive clock constraints,

e automata can accept non-timed regular languages.
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