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Last Lecture:

RDC in discrete time

Satisfiability and realisability from 0 is decidable for RDC in discrete time

This Lecture:

Educational Objectives: Capabilities for following tasks/questions.

Facts: (un)decidability properties of DC in continuous time.

What's the idea of the considered (un)decidability proofs?

Content:

Undecidable problems of DC in continuous time
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(Variants of) RDC in Continuous Time
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Recall: Restricted DC (RDC) o1 = [1]4 2 l110:177)
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/

F = ’_P—‘ ’—IF1’F1VF2|F1;F2

where P is a state assertion, but with boolean observables only.

From now on: “RDC + / =,V a"
AN~

F = ’_P—"_lFl|F1\/F2|F1,F2’£:1|€:CIZ’V$OF1

N N N
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Undecidability of Satisfiability/Realisability from O
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Theorem 3.10.

The realisability from 0 problem for DC with continuous time is
undecidable, not even semi-decidable.

Theorem 3.11.

The satisfiability problem for DC with continuous time is undecid-
able.
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Sketch: Proof of Theorem 3.10
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Reduce divergence of two-counter machines to realisability from 0:

Given a two-counter machine M with final state g4,

construct a DC formula F'(M) := encoding(M)
such that

M diverges if and only if the DC formula
F(M) A =0 gfin ]

is realisable from 0.

If realisability from 0 was (semi-)decidable,
divergence of two-counter machines would be (which it isn't).
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Recall: Two-counter machines
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A two-counter machine is a structure

M — (Q7QO7Qﬁn7 PTOQ)

where
o st of oo
Q is a finite set of states,

comprising the initial stat€ qp and the final state gz,

Prog is the machja€ program, ile. a finite set of commands of the form

/Vq:z'nci:q’ and q:dec;:q,q", i e {1,2}.

~ash
Jﬁ,\w could Algq]
dsv B(y9)
be: ¢(5, 4,7,”
fDC7 11'1 1’)

We assume deterministic 2CM: for each ¢ € O, at most one command
starts in ¢, and ¢g), is the only state where no command starts.
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2CM Configurations and Computations
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» a configuration of M is a triple K = (¢,n1,n2) € Q@ x INg x INp.
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2CM Configurations and Computations
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a configuration of M is a triple K = (q¢,n1,n2) € Q x INy x INp.

The (!) computation of M is a finite sequence of the form (“M halts")
Ko = (QQ,O,()) = Kl = Kz = F (qﬁn,nl,n2)
or an infinite sequence of the form (“M diverges")

KQZ(qO,O,O)l_Kll—Kgl—...
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2CM Configurations and Computati wwent stale
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)?-coqcuz‘ valiee o ctundy, 4 ;

a configuration of M is a triple K = (¢,n1,n2) € Q x INg x INg.

The (!) computation of M is a finite sequence of the form (“M halts")
Ko = (Q0,0,()) l_w R (Qﬁn7n17n2>
or an infinite sequence of the form \"(I(%[(z)e F (“M diverges”)
K() = (QQ,0,0) |_K1 |—K2 ...

The transition relation “" on configurations is defined as follows:

U m@\ @m/m_ﬁfw 1,m2)
q : decy : (q,0,n2) F (¢',0,n2)
(g,m1 + 1,n2) F (¢, n1,n2)
q:incs:q (g,m1,m2) F (¢',n1,n2 + 1)
q:decs:q,q" (g,m1,0) F (¢',n1,0)
(q,n1,mn2 + 1) F (¢, n1,n2)
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2CM Example

M — (Q7QO7Qﬁn7P’r0g)
commands of the form ¢ : inc; : ¢’ and q : dec; : ¢/, ¢", i € {1,2}
configuration K = (q,n1,n2) € Q x INg x INp.

Command Semantics: K + K’
q:incy:q (g,n1,m2) F (¢',n1 + 1,n9)
q:deci:q,q" (¢,0,n2) - (¢,0,n2)
(g1 + 1,n2) F (¢",n1,n2)
q:incy:q (g,n1,n2) F (¢',n1,n2 + 1)
q:decs:q,q" (¢,m1,0) = (¢',n1,0)
(Q7n17n2 + ) - (q// n17n2)
Q=5 90, 9. Gpe e 51,,,#,? bog < § 99 *ts: g, §
?"“‘ri'}o’ ""("' %ar (20’ 0,0
| v %ﬁ} A T Cb m«l»-‘*u
g (1'0|o 0) QW‘LW (191110) 0[:1‘0
i L‘,‘ﬂs T 7<I
é (‘14.1 0) (5',2,0\
< T :
X (16 a)
| Q)24
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Reducing Divergence to DC realisabllity: Idea In Pictures
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LA M dpe es ?F[ﬂ) s Jﬂté, ;.7(,L‘rcg ;
S 9.
;“' P/n 16\ — [vn«f{, 64{4)0(] eucedss A é”*v?vmﬂ{'ﬁ—,
easts T: Kok kakk; [, Car)d ] wol JargA, (wr2)d ]
i“ m - /‘&(%747")
T A Q.%t'S'E o

4 "[0,&'/} ehcodles (7/01&/0)

— ,i'[ 7{'.. s feac 4 24 J
ve sy Hoare
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Reducing Divergence to DC realisability: Idea
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A single configuration K of M can be encoded in an interval of length 4;

being an encoding interval can be characterised by a DC formula.

An interpretation on ‘Time' encodes the computation of M if
each interval [4n,4(n + 1)], n € INg, encodes a configuration K,

each two subsequent intervals [4n,4(n 4+ 1)] and [4(n + 1),4(n + 2)],

n € INg, encode configurations K,, = K,,. 1 in transition relation.

Being encoding of the run can be characterised by DC formula F'(M).

Then M diverges if and only if (M) A =0|¢qsn | is realisable from 0.

11/24



— 7 — 2012-06-05 — Scont —

{

Encoding Configurations ¢} Y
ginles of M .1 U o ! :
We use Obg = {obs} with S ,{: R
D(ObS): MU{Cl,CQ,B,X}. LR '_I L_—'_—: r?-l‘
disggk puson x | : — :
Aebpegiakes T"!’“?j 9 / '/2
Examples: ,1‘_"4 : ; ; =
K =(g,2,3) | ot d
[q] [B]; [C1]5[B]: [C1]; [B] [X] [B]; [C2]5 [B]: [C2] 3 [B]; [Ca] 5 [B]
S A 3 VN F A
=1 (=1 (=1 (=1

KO — (QOa 07 O)
[qo0] | B]
AN
(=1

A\
=1

FL

| B]
A
(=1

[ X]
A
(=1

J2)

or, using abbreviations, [¢o] ; [B]'; [X1"; [B]".
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Construction ofF'(M)
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In the following, we give DC formulae describing
the initial configuration,
the general form of configurations,

the transitions between configurations,

the handling of the final state. —

F (M) is the conjunction of all these formulae.
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Initial and General Configurations
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init = ({ >4 = [qo]'; [B1Y; [X]'; [B1Y; true)

keep <= O([Q'; [BVC1 ; [XT]H; [BVCo]t ;6 =4
— (=4;[Q1';[BVvC]'; [X]; [BVCo]h)
where @ := (X VvV Cy VvV CyV B).
a1 8vCi ’, rxl ;rﬁv(J; ¢=4

j
Ol —f

e (.‘:({ { rQ? — i—Bv(.J/ ’}7 ) r-gv(zl[

|
2/ | o I / I
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Auxiliary Formula Patterncopy

o fopuls /_dnéz asses-hims

copy(F,{Py,...,P,}) <=
Ve, de ((FEANL=c¢); ([PLV VP, | ANL=d);|[P1]:¢=4
— £:c+d+4;ﬁ1—l
AL
AVe, deO(FANL=c); ([PAV--- VP, |ANL=d);|P,|:l=14
— £:c+d+4;[Pn7

\ ¥ Ir?qV“V ?v-‘-{ rPa-,
V(IJ.D( resc | ¢:=d I \‘~,:~~ - €=‘¢ 4]’
= T —}'P,?)
. ¢= C+d+g o
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) incy : f/)(Increment)
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\\ I
(i) Change state \

O([g); [BVCi] (X1 [BY Gyl =4 = £:4;1;true)

o ( FH——— /
= | ‘.’r‘r‘]j 4}

(i) Increment counter

VdeO([¢q]'; [B1Y;(¢=0V[Ci];[-X]);[X]';[BVCy]t; =4
— (=4;[¢1;([B];[Ci]; [BI AL =d); true

vdea[ DALY
e tdl W o /
D ﬂd,LB?;frj;rm; ~ )
’ 1
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q : incy : ¢ (Increment)
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(i) Keep rest of first counter + 2 /S
S -
copy([q]" s [BV C1]: [C1],{B,C1})

(ii) Leave second counter unchanged

copy([q] [BV C1]: [X]',{B,Ca})

17 /24
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q: decy : ¢, q" (Decrement)
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(i) If zero
O([q] s [BT [X1' 5 [BVColl il =4 = £=4;[q']"; [B]"; true)
(i) Decrement counter

VdeO([q|'; ([B];[CiIANt=d);[B];[BVCi];[X]';[BVCylt;#
— (=4;[¢"1; [BY; true)

(iii) Keep rest of first counter

copy([q]" s [B]: [C1] 5 [B1],{B,C1})

(iv) Leave second counter unchanged

copy([q]”; [BV C1]: [X]',{B, Ca})

=4

18/24



Final State
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copy([qan]" 3 [BV C11 5 [XT5 [BV Co1', {qsin, B, X, C1, Ca})
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Satisfiability
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Following [Chaochen and Hansen, 2004] we can observe that

M halts if and only if the DC formula F/(M) A $[qfn | is satisfiable.

This yields

Theorem 3.11. The satisfiability problem for DC with continuous
time is undecidable.

(It is semi-decidable.)

Furthermore, by taking the contraposition, we see

M diverges if and only if M does not halt
if and only if (M)A =0[qpn| is not satisfiable.

Thus whether a DC formula is not satisfiable is not decidable,
not even semi-decidable.

20/24



Validity
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By Remark 2.13, F'is valid iff =F is not satisfiable, so

Corollary 3.12.  The validity problem for DC with continuous
time is undecidable, not even semi-decidable.

This provides us with an alternative proof of Theorem 2.23 (“there is no
sound and complete proof system for DC"):

Suppose there were such a calculus C.

By Lemma 2.22 it is semi-decidable
whether a given DC formula F' is a theorem in C.

By the soundness and completeness of C,
F'is a theorem in C if and only if F'is valid.

Thus it is semi-decidable whether F' is valid. Contradiction.

2124



Discussion
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Note: the DC fragment defined by the following grammar is sufficient
for the reduction

F = [P—I|_IF1’Fl\/FQ’Fl;F2|€:1’£:£E|\V/$OF1,

P a state assertion, = a global variable.

Formulae used in the reduction are abbreviations:

V=4 <— (=1;/=13;¢4=1;/=1
V>4 <— ¢ =4; true
l=x4+y+4 — l=x;l=y;{=14

Length 1 is not necessary — we can use ¢ = z instead, with fresh z.

This is RDC augmented by “/ = 2" and "Va',
which we denote by RDC + /= 2,V .

22/24
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