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Ledure 04: Duration Calculus|I
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Last Lecture:

o Started DC Syntax and Semantics: Symbols, State Assertions

This Lecture:

o Educational Objectives: Capabilities for following tasks/questions.

o Read (and at best also write) Duration Calculus terms and formulae.

e Content:
o Duration Calculus Terms

o Duration Calculus Formulae
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Duration Calculus Cont’d
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Duration Calculus. Overview
We will introduce three (or five) syntactical “levels”:
(i) Symbols:
(ii) State Assertidns
?,Vb[«ds’«a/'ko,*]

(iii) Terms:

(iv) Formul

' ~
F=p<91,,(9n)|_|F1|F1/\F2 |VI.F1@ er‘«'fL‘lo
«,

(v) Abbreviations:

[1, [P1, [P, [P1=', OF OF
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Terms. Syntax

Duration terms (DC terms or just terms) are defined by the following
grammar:

0=z || [P] f(el’...rﬁn)
where g is a global variable, ¢ and [ are special symbols, P is a state
assertion, and f a function symbol (of arity n).

¢ is called length operator, [ is called integral operator

Notation: we may write function symbols in infix notation as usual,
i.e. write 61 + 05 instead of +(61,65).

Definition 1. [Rigid]
A term without length and integral symbols is called rigid.

EXmnple: x+(y-2)-342} i tyd
{+¥3 b wel rigd
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Terms: Semantics

\\Le,"“" "lw!"
Closed intervals in the timdg dofmain
Intv := {[b,e] | b,e € Time and b < e}

Point intervals: [b, b]

ol o be Te s of aéé/ vanables.
A vdueban of Ui s 4 fuchn,
): Glas =K
e we Vel b dmok He f o
Wlunhns of Ol je. W= (fh S R).
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Terms: Semarntics
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The semantics of a term is a function
Z[6] : Val x Intv — R

i.e. Z[0](V, [b, €]) is the real number that 6 denotes under interpretation
7 and valuation V in the interval [b, e].

The value is defined inductively on the structure of :

I[AW, b)) = V&) o
Z[(V, [be]) =e-b clussianl Rieman iricgia

2N
TP b = [ RO de

I[f(6r,....6.)](V, [b.e]) :f IZZ@J(V,fA,aI), -, LEOI(V, [6e])
S o3
oy § S0 Im% R

TLPT: Time {0 1f

syds

< ,.‘v'r
Terms. Example L
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0=u-[L=e(x,JC)

T
1 _— —_—
Lz : : : :
0

I . . T n.
L ' ' - v Time

0 . 1 2 3 e: 4

bt 0S e:325
L—\Ll=e-l=g'?
V(z) = 20.

o TLOI16ed) = (ILAMLLA), TCLBE, [e«a)) =o(m,125): 25
TG, [be) V=20
R R (ACRE f:zyal de ‘f%:fé) d =125

cTgoMb e = 2,
beawse fmz,w d <0
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Terms: Semantics Well -defined?
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So, I/ P](V, [b,€]) is / Pr(t) dt — but does the integral always exist?
b

IOW: is there a Pz which is not (Riemann-)integrable? Yes. For instance

: _SE
Pz(t)z{(l) I:;g {5 1pge2f

To exclude such functions, DC considers only interpretations Z satisfying
the following condition of finite variability:

For each state variable X and each interval [b, ] there is
a finite partition of [b, e] such that the interpretation
X7 is constant on each part.

Thus on each interval [b, e] the function X7 has only
finitely many points of discontinuity.

Terms:. Remarks
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“)L;M'«ldg waiey fmm‘.s do uot wathe,

/
7

Remark 2.5. The semantics Z[0] of a term is insensitive against
changes of the interpretation Z at individual time points.

Leb T, Ty be wdopetaton  sucl #at T (x)(¢)= T,(x) )
b ol X tkapt v o Lo € Time,
Thee 1.06300L6,e3) = T 1OT(V,Ib,e3).

Remark 2.6. The semantics Z[0](V, [b,e]) of a rigid term does
not depend on the interval [b, e].
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Duration Calculus; Overview
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We will introduce three (or five) syntactical “levels”:

(i) Symbols:

ae]R’? f7g7 true?false7:7 <7 >7§7 27 I7y727 X?KZ7 d

(i) State Assertions:
P:0|1|X:d|_|P1|P1/\P2

(iii) Terms:
Ou=az|l]|[P] f(b,...,0,)

(iv) Formulae:
F:::p(ﬁl,...,én) | _|F1 | Fl/\FQ |V$.F1 | Fl;FQ
(v) Abbreviations:

[1, [P1, [P, [P1=', OF OF

Formulae: Syntax
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The set of DC formulae is defined by the following grammar:
F :::p(@l,...,ﬂn) | eY}‘—‘l | Fl/\FQ |V.’E.F1 | Fl;FQ

where p is a predicate symbol, 0; a term, z a global variable.

chop operator: ;'
atomic formula: p(64,...,6,)
rigid formula: all terms are rigid
chop free: ;" doesn't occur

usual notion of free and bound (global) variables

Note: quantification only over (first-order) global variables,
not over (second-order) state variables.
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Formulae: Priority Groups
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To avoid parentheses, we define the following five priority groups from
highest to lowest priority:

- (negation)
; (chop)
AV (and/or)
=, = (implication/equivalence)
3,V (quantifiers)
((FF)H
Examples: T H i,
~F;FVH— (6F)7)v

\ (ﬁf)i (Fv H)

on(F/\G)
( )
(S

Syntactic Sulstitution...
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...of a term 6 for a variable x in a formula F'.

We use

Flx := 0]
to denote the formula that results from performing the following steps:
(i) transform F into F by (consistently) renaming bound variables such

that no free occurrence of x in F' appears within a quantified
subformula 3z e G or V z ¢ G for some z occurring in 6,

(ii) textually replace all free occurrences of z in F by 6.

Examples: F':= (x> y = Fzez>0Ax=y+z2), 601:=4 0Oy:=(+z,

¢
Floa:=b]=w%>y = HZ°ZZO/\£:y+Z)

235 erz

Flz:=0)=(8 >y = JZeX>0A8 =y+3%)
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Formulae: Semantics
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Formulae: Example

The semantics of a formula is a function
Z[F] : Val x Intv — {tt, ff}

i.e. Z[F](V, [b,e]) is the truth value of F' under interpretation Z and

valuation V in the interval [b, ¢]. ?Rw‘“) H‘//H’
_ €
This value is defined inductively”on the sty(cture of F: /GK

I[p(bs,. ... )]V, [b, c]) = p (FLO DV Lbe)), ., II@D(V,[é,eJ)}
T[-FV, b, e]) = tt iff TEEI(V, [be]) < £

I[F A B](V, [b, €]) = tt iff TETd 04 fbed) = ZLBT0) Lre)) =4

I[Vz e BV, b,e]) = tt iff foy all qﬁ_\‘”“ syl

I Ic=al] () [bed)=#

TIF ; o]V, [br€]) —Kiff Huse i an welbel such Aol
IERIWIED) « TOF, D(Vilme]) - &
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F=[fL=0;fL=1
[@=1) m R
Ue)=t,  (=(u,1)
1 . : a3 >R :

Lz E E P8

{ LI i ["""} ; ; Time
PR
zwgp aﬁm M='1 . .
T =08(W o) -2 (06) =&
DA
TLIL=13W, [420) = 2(1,7] €
TC/a(G020)=1

AU we [0 asc g poinks.
'] f—.in-",./l =1
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