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E
r
r
o
r

n
o
t
r

E
r
r
o
r

q
1

q
2

N
T

t
0

t
1

t
2

t
3

t
4

t
5

t
6

=
ε

=
ε

=
ε

=
ε

=
ε

S
t (q)

>
0

=
⇒

⌈¬
q⌉

;
⌈q⌉

;
⌈q

∧
A
⌉
ε

≤
S

t (q
)

−
−
−
−
−
→

⌈q
∨

δ(q,A
\

S
e (q))⌉

(D
C
-5)

⌈
q
1
∧

A
⌉

h
o
ld

s
in

w
ith

in
p
u
t

A
fter

state
o
u
tp

u
t

[t
1
,
t
2 ]

A
=

{
n
o
t
r
,
t
r
}

t
2

{
q
2 }

{
T
}

[t
2
,
t
3 ]

A
=

{
t
r
,
E
r
r
o
r
}

t
3

{
q
2
,
q
3 }

{
T

,
X
}

[t
3
,
t
4 ]

A
=

{
n
o
t
r
,
E
r
r
o
r
}

t
4

{
q
2
,
q
3 }

{
T

,
X
}

[t
4
,
t
5 ]

A
=

{
n
o
t
r
}

t
5

{
q
2 }

{
T
}

[t
5
,
t
6 ]

A
=

{
n
o
t
r
,
E
r
r
o
r
}

t
6

{
q
2
,
q
3 }

{
T

,
X
}
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∅
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r
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r
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r
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N
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t
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t
3
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=
0
∧

q
/∈

δ(q,A
)

=
⇒

�
(⌈q

∧
A
⌉

=
⇒

ℓ
<

2ε)
(D

C
-6)

S
t (q)

=
0
∧

q
/∈

δ(q,A
)

=
⇒

⌈¬
q⌉

;
⌈q

∧
A
⌉
ε
−
→

⌈¬
q⌉

(D
C
-7)

•
D

u
e

to
(D

C
-6):

•
t
5
−

t
4

<
2ε

•
t
3
−

t
2

<
2ε

•
D

u
e

to
(D

C
-7):

•
t
1
−

t
0

<
ε
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r
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r

t
r

q
1

q
2

N
T

t
0

t
1

t
2

t
3

t
4

t
5

S
t (q)

>
0
∧

q
/∈

δ(q,A
)

=
⇒

�
(⌈q⌉

S
t (q

)
;
⌈q

∧
A
⌉

=
⇒

ℓ
<

S
t (q)

+
2ε)

(D
C
-8)

S
t (q)

>
0
∧

A
∩

S
e (q)

=
∅
∧

q
/∈

δ(q,A
)

=
⇒

�
(⌈q

∧
A
⌉

=
⇒

ℓ
<

2ε)
(D

C
-9)

S
t (q)

>
0
∧

A
∩

S
e (q)

=
∅
∧

q
/∈

δ(q,A
)

=
⇒

⌈¬
q⌉

;
⌈q

∧
A
⌉
ε
−
→

⌈¬
q⌉

(D
C
-10)

•
D

u
e

to
(D

C
-8):

•
t
5
−

t
4

<
2ε

•
D

u
e

to
(D

C
-9):

•
t
3
−

t
2

<
2ε

•
D

u
e

to
(D

C
-10):
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t
1
−

t
0

<
ε
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(⌈q⌉

=
⇒

⌈ω
(q)⌉

(D
C
-11)

⌈q
0
∧

A
⌉
−
→

0
⌈q

0
∨

δ(q
0 ,A

)⌉
(D

C
-2’)

S
t (q

0 )
>

0
=
⇒

⌈q
0
∧

A
⌉

≤
S

t (q
0
)

−−
−
−
−
−→

0
⌈q

0
∨

δ(q
0 ,A

\
S

e (q
0 ))⌉

(D
C
-4’)

S
t (q

0 )
>

0
=
⇒

⌈q
0 ⌉

;⌈q
0
∧

A
⌉
ε

≤
S

t (q
0
)

−−
−
−
−
−→

0
⌈q

0
∨

δ(q
0 ,A

\
S

e (q
0 ))⌉

(D
C
-5’)

S
t (q

0 )
=

0
∧

q
0

/∈
δ(q

0 ,A
)

=
⇒

⌈q
0
∧

A
⌉
ε
−
→

0
⌈¬

q
0 ⌉

(D
C
-7’)

S
t (q

0 )
>

0
∧

A
∩

S
e (q

0 )
=

∅
∧

q
0

/∈
δ(q

0 ,A
)

=
⇒

⌈q
0
∧

A
⌉
ε
−
→

0
⌈¬

q
0 ⌉

(D
C
-10’)
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n
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e

D
u
ra

tio
n

C
a
lcu

lu
s

se
m

a
n
tics

of
a

P
L
C

A
u
tom

aton
A

is

JAK

D
C

:=
∧

q
∈

Q
,

∅
6=

A
⊆

Σ D
C
-1

∧
···∧

D
C
-11

∧
D

C
-2

′∧
D

C
-4

′

∧
D

C
-5

′∧
D

C
-7

′∧
D

C
-10

′.

C
la

im
:

•
L
et

P
A

b
e

th
e

S
T

program
sem

an
tics

of
A

.

•
L
et

π
b
e

a
record

in
g

over
tim

e
of

th
en

in
p
u
ts,

lo
cal

states,
an

d
ou

tp
u
ts

of
a

P
L
C

d
evice

ru
n
n
in

g
P
A

.

•
L
et

I
π

b
e

an
en

co
d
in

g
of

π
as

an
in

terpretation
of

In
A

,
S
t
A

,
an

d
O

u
t
A

.

•
T

h
en

I
π
|=JAK

D
C

.

•
B

u
t

n
ot

n
ecessarily

th
e

oth
er

w
ay

rou
n
d
.
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R
eaction

Tim
es

•
G

iven
a

P
L
C
-A

u
tom

aton
,
on

e
often

w
an

ts
to

kn
ow

w
h
eth

er
it

gu
aran

tees
prop

erties
of

th
e

form

⌈S
t
A
∈

Q
∧

In
A

=
e
m

e
rg

e
n
c
y

sig
n
a
l⌉

0
.1

−
→

⌈S
t
A

=
m

o
to

r
o
ff
⌉

(“
w

h
e
n
e
ve

r
th

e
e
m

e
rg

e
n
cy

sig
n
a
l
is

o
b
served

,
th

e
P
L
C

A
u
to

m
ato

n
sw

itch
es

th
e

m
o
to

r
o
ff

w
ith

in
a
t

m
o
st

0
.1

seco
n
d
s”

)

•
W

h
ich

is
(w

h
y?

)
for

from
ob

viou
s

from
th

e
P
L
C

A
u
tom

aton
in

gen
eral.

•
W

e
w

ill
give

a
th

eorem
,
th

at
allow

s
u
s

to
com

p
u
te

an
u
p
p
er

b
ou

n
d

on
su

ch
reaction

tim
es.

•
T

h
en

in
th

e
ab

ove
exam

p
le,

w
e

cou
ld

sim
p
ly

com
p
are

th
is

u
p
p
er

b
ou

n
d

on
e

again
st

th
e

req
u
ired

0.1
secon

d
s.
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•
L
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•
Π

⊆
Q

b
e

a
set

of
start

sta
te

s,

•
A

⊆
Σ

b
e

a
set

of
in

p
u
ts,

•
c
∈

T
im

e
b
e

a
tim

e
b
o
u
n
d
,
an

d

•
Π

ta
rg

e
t
⊆

Q
b
e

a
set

of
targ

e
t

sta
te

s.

•
T

h
en

w
e

seek
to

estab
lish

prop
erties

of
th

e
form

⌈S
t
A
∈

Π
∧

In
A
∈

A
⌉

c
−
→

⌈S
t
A
∈

Π
ta

rg
e
t ⌉,

ab
breviated

as

⌈Π
∧

A
⌉

c
−
→

⌈Π
ta

rg
e
t ⌉.
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o
n
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e
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l
ca

se

⌈Π
∧

A
⌉

c
n

−
→

⌈δ
n
(Π

,A
)

︸
︷
︷

︸

=
Π

ta
rg

e
t

⌉

for
P
L
C

A
u
tom

ata
w

ith

δ(Π
,A

)
⊆

Π
.

•
W

h
ere

th
e

tran
sition

fu
n
ction

is
can

on
ically

e
xte

n
d
e
d

to
se

ts
of

start
states

an
d

in
p
u
ts:δ(Π

,A
)
:=

{δ(q,a
)
|
q
∈

Π
∧

a
∈

A
}.
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∅
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Π

=
{N
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=
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n
o
t
r
}

•
δ(Π

,A
)
=

{N
}
⊆

Π

•
Π

=
{N

,T
,X

},
A

=
{
E
r
r
o
r
}

•
δ(Π

,A
)
=

{X
}
⊆

Π

•
Π

=
{T

},
A

=
{
n
o
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r
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•
δ(Π

,A
)
=

{N
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6⊆

Π
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A
=

(Q
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,δ,q
0 ,ε,S

t ,S
e ,Ω

,ω
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Π
⊆

Q
,

an
d

A
⊆

Σ
w

ith

δ(Π
,A

)
⊆

Π
.

T
h
en

⌈Π
∧

A
⌉

c
−
→

⌈δ(Π
,A

)
︸

︷
︷

︸

=
Π

ta
rg

e
t

⌉

w
h
ere

c
:=

ε
+

m
ax

({0}
∪
{s(π

,A
)
|
π
∈

Π
\

δ(Π
,A

)})

an
ds(π

,A
)

:=

{

S
t (π

)
+

2ε
,
if

S
t (π

)
>

0
an

d
A
∩

S
e (π

)
6=

∅

ε
,
oth

erw
ise.
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E
r
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ε

−
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⌈X
⌉:

– 09 – 2013-05-29 – Sreactt –

4
2

/
5
0

M
onotonicity

ofG
eneralised

Transition
F

unction

•
D

efi
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e
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0(Π

,A
)

:=
Π

,
δ

n
+

1(Π
,A

)
:=

δ(δ
n
(Π

,A
),A

).

•
If

w
e

h
ave

δ(Π
,A

)
⊆

Π
,
th

en
w
e

h
ave

δ
n
+

1(Π
,A

)
⊆

δ
n
(Π

,A
)
⊆

···
⊆

δ(δ(Π
,A

),A
)

︸
︷
︷

︸

=
δ
2
(Π

,A
)

⊆
δ(Π

,A
)
⊆

Π

i.e.
th

e
seq

u
en
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a
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n
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•
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th
e

exten
d
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fu
n
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h
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th
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follow
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ot
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su
rprisin
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icity
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ro
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.

Π
⊆

Π
′
⊆

Q
an

d
A

⊆
A

′
⊆

Σ
im

p
lies

δ(Π
,A

)
⊆

δ(Π
′,A

′).)
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∅
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r
}

•
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=
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}

•
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),A
)
=
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}
⊆

Π

•
δ
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0(Π
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)
=
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•
Π

=
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=
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r
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•
δ
0(Π
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=
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=
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⊆
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Π

=
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=
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=
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=

(Q
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,δ,q
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t ,S
e ,Ω

,ω
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Π
⊆

Q
,

an
d

A
⊆

Σ
w

ith

δ(Π
,A

)
⊆

Π
.

T
h
en

for
all

n
∈
N

0 ,⌈Π
∧

A
⌉

c
n

−
→

⌈δ
n
(Π

,A
)

︸
︷
︷

︸

=
Π

ta
rg

e
t

⌉

w
h
ere

c
n

:=
ε

+
m

ax
(

{0}
∪



k
∑i=

1

s(π
i ,A

)

∣∣∣∣∣∣∣∣∣∣

1
≤

k
≤

n
∧

∃
π

1 ,...,π
k
∈

Π
\

δ
n
(Π

,A
)

∀
j
∈
{1,...,k

−
1}

:

π
j
+

1
∈

δ(π
j ,A

)





an
d

s(π
,A

)
as

b
efore.
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Tim
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heorem
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con
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)

•
A

ssu
m

e,
w
e

w
ou

ld
n
o
t

h
ave

⌈Π
∧

A
⌉

c
n

−
→

⌈δ
n
(Π

,A
)⌉.

•
T

h
is

is
eq

u
ivalen

t
to

n
o
t

h
avin

g

¬
(tru

e
;
⌈Π

∧
A
⌉
c

n
;
⌈¬

δ
n
(Π

,A
)⌉

;
tru

e
)

•
W

h
ich

is
eq

u
ivalen

t
to

h
avin

g

tru
e

;
⌈Π

∧
A
⌉
c

n
;
⌈¬

δ
n
(Π

,A
)⌉

;
tru

e
.

•
U

sin
g

fi
n
ite

variab
ility,

(D
C
-2),

(D
C
-3),

(D
C
-6),

(D
C
-7),

(D
C
-8),

(D
C
-9),

an
d

(D
C
-10)

w
e

can
sh

ow
th

at
th

e
d
u
ration

of
⌈Π

∧
A
⌉

is
strictly

sm
aller

th
an

c
n
.
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