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C
ontents

&
G

oals

L
a
st

L
e
c
tu

re
:

•
M

o
d
el

o
f
tim

ed
b
eh

avio
u
r:

state
variab

les
an

d
th

eir
in

terp
retatio

n

•
F
irst

ord
er

p
red

icate-lo
g
ic

for
req

u
irem

en
ts

an
d

system
p
ro

p
erties

T
h
is

L
e
c
tu

re
:

•
E
d
u
c
a
tio

n
a
l
O

b
je

c
tiv

e
s:

C
ap

ab
ilities

for
follow

in
g

tasks/q
u
estion

s.

•
R
ead

(an
d

at
b
est

also
w

rite)
D

u
ratio

n
C
alcu

lu
s

form
u
lae.

•
C
o
n
te

n
t:

•
C
lasses

o
f
req

u
irem

en
ts

(safety,
liven

ess,
etc.)

•
D

u
ratio

n
C
alcu

lu
s:

A
ssertio

n
s,

T
erm

s,
F
orm

u
lae,

A
b
b
reviatio

n
s,

E
xam

p
les

– 03 – 2013-04-23 – Sprelim –

2
/
4
2

R
ecall:

C
orrectness
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R
ecall:

C
orrectness

•
L
et

‘R
eq

’
b
e

a
re

q
u
ire

m
e
n
t,

•
‘D

es’
b
e

a
d
e
sig

n
,
an

d

•
‘Im

p
l’

b
e

an
im

p
le

m
e
n
ta

tio
n
.

R
ecall:

each
is

a
set

of
evolu

tion
s,

i.e.
a

su
b
set

of
(T

im
e
→

×
ni
=

1 D
(o

b
s

i )
),

d
escrib

ed
in

an
y

form
.

W
e

say

•
‘D

es’
is

a
c
o
rre

c
t

d
e
sig

n
(w

rt.
‘R

eq
’)

if
an

d
on

ly
if

D
es

⊆
R
eq

.

•
‘Im

p
l’

is
a

c
o
rre

c
t

im
p
le

m
e
n
ta

tio
n

(w
rt.

‘D
es’

(or
‘R

eq
’))

if
an

d
on

ly
if

Im
p
l
⊆

D
es

(or
Im

p
l
⊆

R
eq

)

If
‘R

eq
’
an

d
‘D

es’
are

d
escrib

ed
by

form
u
lae

of
fi
rst-o

d
er

pred
icate

logic,
provin

g
th

e
d
esign

correct
am

ou
n
ts

to
provin

g
th

at
‘D

es
=
⇒

R
eq

’
is

valid
.
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C
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ofTim
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Safety
P

roperties

•
A

sa
fe

ty
p
ro

p
e
rty

states
th

at

so
m

e
th

in
g

b
a
d

m
u
st

n
e
v
e
r

h
a
p
p
e
n

[L
am

p
ort].

•
E
xam

p
le:

train
in

sid
e

level
crossin

g
w

ith
gates

op
en

.

•
M

ore
gen

eral,
assu

m
e

ob
servab

le
C

:
T

im
e
→

{0
,1}

w
h
ere

C
(t)

=
1

represen
ts

a
critical

system
state

at
tim

e
t.

T
h
en

∀
t
∈

T
im

e
•
¬

C
(t)

is
a

safety
prop

erty.

•
In

gen
eral,

a
safety

prop
erty

is
ch

aracterised
as

a
prop

erty
th

at
can

b
e

fa
lsifi

e
d

in
b
ou

n
d
ed

tim
e.

•
B

u
t

safety
is

n
ot

everyth
in

g...
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L
iveness

P
roperties

•
T

h
e

sim
p
lest

form
of

a
liv

e
n
e
ss

p
ro

p
e
rty

states
th

at

so
m

e
th

in
g

g
o
o
d

e
v
e
n
tu

a
lly

d
o
e
s

h
a
p
p
e
n
.

•
E
xam

p
le:

gates
op

en
for

road
traffi

c.

•
M

ore
gen

eral,
assu

m
e

ob
servab

le
G

:
T

im
e
→

{0
,1}

w
h
ere

G
(t)

=
1

represen
ts

a
go

o
d

system
state

at
tim

e
t.

T
h
en

∃
t
∈

T
im

e
•

G
(t)

is
a

liven
ess

prop
erty.

•
N

ote:
n
ot

falsifi
ed

in
fi
n
ite

tim
e.

•
W

ith
real-tim

e,
liven

ess
is

to
o

w
eak...
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B
ounded

R
esponse

P
roperties

•
A

b
o
u
n
d
e
d

re
sp

o
n
se

p
ro

p
e
rty

states
th

at

th
e

d
esired

reaction
on

an
in

p
u
t

o
ccu

rs
in

tim
e

in
terval

[b,e].

•
E
xam

p
le:

from
req

u
est

to
secu

re
level

crossin
g

to
gates

closed
.

•
M

ore
gen

eral,
re-con

sid
er

go
o
d

th
in

g
G

:
T

im
e
→

{0
,1}

an
d

req
u
est

R
:
T

im
e
→

{0
,1}.

T
h
en

∀
t
1
∈

T
im

e
•

(R
(t

1 )
=
⇒

∃
t
2
∈

[t
1

+
10

,t
1

+
15]•

G
(t

2 ))

is
a

b
ou

n
d
ed

liven
ess

prop
erty.

•
T

h
is

prop
erty

can
again

b
e

falsifi
ed

in
fi
n
ite

tim
e.

•
W

ith
gas

b
u
rn

ers,
th

is
is

still
n
ot

everyth
in

g...
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D
uration

P
roperties

•
A

d
u
ra

tio
n

p
ro

p
e
rty

states
th

at

for
ob

servation
in

terval
[b,e]

ch
aracterised

by
a

con
d
ition

A
(b,e)

th
e

a
c
c
u
m

u
la

te
d

tim
e

in
w

h
ich

th
e

system
is

in
a

certain
critical

state
h
as

an
u
p
p
er

b
ou

n
d

u
(b,e).

•
E
xam

p
le:

leakage
in

gas
b
u
rn

er.
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D
uration

P
roperties

•
A

d
u
ra

tio
n

p
ro

p
e
rty

states
th

at

for
ob

servation
in

terval
[b,e]

ch
aracterised

by
a

con
d
ition

A
(b,e)

th
e

a
c
c
u
m

u
la

te
d

tim
e

in
w

h
ich

th
e

system
is

in
a

certain
critical

state
h
as

an
u
p
p
er

b
ou

n
d

u
(b,e).

•
E
xam

p
le:

leakage
in

gas
b
u
rn

er.

•
M

ore
gen

eral,
re-con

sid
er

critical
th

in
g

C
:
T

im
e
→

{0
,1}.

T
h
en

∀
b,e

∈
T

im
e
•

(

A
(b,e)

=
⇒

∫

e

b

C
(t)

d
t
≤

u
(b,e)

)

is
a

d
u
ration

prop
erty.

•
T

h
is

prop
erty

can
again

b
e

falsifi
ed

in
fi
n
ite

tim
e.
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D
uration

C
alculus:

P
review

•
D

u
ration

C
alcu

lu
s

is
an

in
te

rv
a
l
lo

g
ic.

•
F
orm

u
lae

are
evalu

ated
in

an
(im

p
lic

itly
g
iv

e
n
)

in
terval.

B
ack

to
ou

r
gas

b
u
rn

er:

•
G

,F
,I

,H
:
T

im
e
→

{0
,1}

g
a
s

v
a
lv

e

fl
a
m

e
se

n
so

r

ig
n
itio

n

•
D

efi
n
e

L
:
T

im
e
→

{0
,1}

as
G

∧
¬

F
.

S
tran

gest
op

erators:

•
e
v
e
ry

w
h
e
re

—
E
xam

p
le:

⌈G
⌉

(H
o
ld

s
in

a
g
iven

in
terval

[b,
e]

iff
th

e
g
as

valve
is

o
p
en

alm
o
st

everyw
h
ere.)

•
c
h
o
p

—
E
xam

p
le:

(⌈¬
I
⌉
;
⌈I
⌉
;
⌈¬

I
⌉)

=
⇒

ℓ
≥

1

(Ig
n
itio

n
p
h
ases

last
at

least
o
n
e

tim
e

u
n
it.)

•
in

te
g
ra

l
—

E
xam

p
le:

ℓ
≥

60
=
⇒

∫
L
≤

ℓ2
0

(A
t

m
o
st

5
%

leakag
e

tim
e

w
ith

in
in

tervals
o
f
at

least
6
0

tim
e

u
n
its.)
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D
uration

C
alculus:

O
verview

W
e

w
ill

in
tro

d
u
ce

th
ree

(or
fi
ve)

syn
tactical

“levels”:

(i)
S
y
m

b
o
ls:f

,g
,

tru
e
,fa

lse
,=

,<
,>

,≤
,≥

,
x
,y

,z
,

X
,Y

,Z
,

d

(ii)
S
ta

te
A
sse

rtio
n
s:

P
::=

0
|
1
|
X

=
d
|
¬

P
1
|
P

1
∧

P
2

(iii)
T
e
rm

s:

θ
::=

x
|
ℓ
|
∫

P
|
f
(θ

1 ,...,θ
n
)

(iv)
F
o
rm

u
la

e
:F

::=
p
(θ

1 ,...,θ
n
)
|
¬

F
1
|
F

1
∧

F
2
|
∀

x
•

F
1
|
F

1
;
F

2

(v)
A
b
b
re

v
ia

tio
n
s:⌈

⌉,
⌈P

⌉,
⌈P

⌉
t,

⌈P
⌉
≤

t,
♦

F
,

�
F
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Sym
bols:

Syntax

•
f
,g

:
fu

n
c
tio

n
sy

m
b
o
ls,

each
w

ith
arity

n
∈
N

0 .

C
alled

c
o
n
sta

n
t

if
n

=
0.

A
ssu

m
e:

con
stan

ts
0
,1

,···
∈
N

0 ;
b
in

ary
‘+

’
an

d
‘·’.

•
p
,q:

p
re

d
ic

a
te

sy
m

b
o
ls,

also
w

ith
arity.

A
ssu

m
e:

con
stan

ts
tru

e
,fa

lse
;
b
in

ary
=

,<
,>

,≤
,≥

.

•
x
,y

,z
∈

G
V
ar:

g
lo

b
a
l
v
a
ria

b
le

s.

•
X

,Y
,Z

∈
O

b
s:

sta
te

v
a
ria

b
le

s
or

o
b
se

rv
a
b
le

s,
each

of
a

d
ata

typ
e
D

(or
D

(X
),D

(Y
),D

(Z
)

to
b
e

precise).

C
alled

b
o
o
le

a
n

o
b
se

rv
a
b
le

if
d
ata

typ
e

is
{0

,1}.

•
d
:
e
le

m
e
n
ts

taken
from

d
ata

typ
es

D
of

ob
servab

les.
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Sym
bols:

Sem
antics

•
S
e
m

a
n
tic

a
l
d
o
m

a
in

s
are

•
th

e
tru

th
v
a
lu

e
s
B

=
{tt,ff

},

•
th

e
re

a
l
n
u
m

b
e
rs

R
,

•
tim

e
T

im
e,

(m
o
stly

T
im

e
=

R
+0

(co
n
tin

u
o
u
s),

excep
tio

n
T

im
e

=
N

0
(d

iscrete
tim

e))

•
an

d
d
a
ta

ty
p
e
s
D

.

•
T

h
e

sem
an

tics
of

an
n
-ary

fu
n
c
tio

n
sy

m
b
o
l
f

is
a

(m
ath

em
atical)

fu
n
ction

from
R

n
to

R
,
d
en

oted
f̂
,
i.e.

f̂
:
R

n
→

R
.

•
T

h
e

sem
an

tics
of

an
n
-ary

p
re

d
ic

a
te

sy
m

b
o
l
p

is
a

fu
n
ction

from
R

n
to

B
,
d
en

oted
p̂
,
i.e.

p̂
:
R

n
→

B
.

•
F
or

con
stan

ts
(arity

n
=

0)
w
e

h
ave

f̂
∈
R

an
d

p̂
∈
B

.
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Sym
bols:

E
xam

ples

•
T

h
e

se
m

a
n
tic

s
of

th
e

fu
n
ction

an
d

pred
icate

sym
b
ols

a
ssu

m
e
d

a
b
o
v
e

is
fi
xed

th
rou

gh
ou

t
th

e
lectu

re:

•
ˆ

tru
e

=
tt,

ˆ
fa

lse
=

ff

•
0̂
∈
R

is
th

e
(real)

n
u
m

b
er

z
e
ro

,
etc.

•
+̂

:
R

2
→

R
is

th
e

a
d
d
itio

n
of

real
n
u
m

b
ers,

etc.

•
=̂

:
R

2
→

B
is

th
e

e
q
u
a
lity

relation
on

real
n
u
m

b
ers,

•
<̂

:
R

2
→

B
is

th
e

le
ss-th

a
n

relation
on

real
n
u
m

b
ers,

etc.

•
“S

in
ce

th
e

sem
an

tics
is

th
e

exp
ected

on
e,

w
e

sh
all

often
sim

p
ly

u
se

th
e

sym
b
ols

0
,1

,+
,·,=

,<
w

h
en

w
e

m
ean

th
eir

sem
an

tics
0̂
,1̂

,+̂
,·̂,=̂

,<̂
.”
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Sym
bols:

Sem
antics

•
T

h
e

sem
an

tics
of

a
g
lo

b
a
l
v
a
ria

b
le

is
n
ot

fi
xed

(th
rou

gh
ou

t
th

e
lectu

re)
b
u
t

given
by

a
v
a
lu

a
tio

n
,
i.e.

a
m

ap
p
in

g

V
:
G

V
ar

→
R

assign
in

g
each

glob
al

variab
le

x
∈

G
V
ar

a
real

n
u
m

b
er

V
(x

)
∈
R

.

W
e

u
se

V
al

to
d
en

ote
th

e
set

of
all

valu
ation

s,
i.e.

V
al

=
(G

V
ar

→
R

).

G
lob

al
variab

les
are

th
ou

gh
fi
x
e
d

o
v
e
r

tim
e

in
system

evolu
tion

s.

•
T

h
e

sem
an

tics
of

a
sta

te
v
a
ria

b
le

is
tim

e
-d

e
p
e
n
d
e
n
t.

It
is

given
by

an
in

terpretation
I
,
i.e.

a
m

ap
p
in

g

I
:
O

b
s
→

(T
im

e
→

D
)

assign
in

g
each

state
variab

le
X

∈
O

b
s

a
fu

n
ction

I
(X

)
:
T

im
e
→

D
(X

)

su
ch

th
at

I
(X

)(t)
∈
D

(X
)
d
en

otes
th

e
valu

e
th

at
X

h
as

at
tim

e
t
∈

T
im

e.
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Sym
bols:

R
epresenting

State
Variables

•
F
or

con
ven

ien
ce,

w
e

sh
all

ab
breviate

I
(X

)
to

X
I
.

•
A

n
in

te
rp

re
ta

tio
n

(of
a

state
variab

le)
can

b
e

d
isp

layed
in

form
of

a
tim

in
g

d
ia

g
ra

m
.

F
or

in
stan

ce,

X
I

:
D

(X
)

T
im

e

d
1

d
2

w
ith

D
(X

)
=

{
d
1 ,d

2 }.
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D
uration

C
alculus:

O
verview

W
e

w
ill

in
tro

d
u
ce

th
ree

(or
fi
ve)

syn
tactical

“levels”:

(i)
S
y
m

b
o
ls:f

,g
,

tru
e
,fa

lse
,=

,<
,>

,≤
,≥

,
x
,y

,z
,

X
,Y

,Z
,

d

(ii)
S
ta

te
A
sse

rtio
n
s:

P
::=

0
|
1
|
X

=
d
|
¬

P
1
|
P

1
∧

P
2

(iii)
T
e
rm

s:

θ
::=

x
|
ℓ
|
∫

P
|
f
(θ

1 ,...,θ
n
)

(iv)
F
o
rm

u
la

e
:F

::=
p
(θ

1 ,...,θ
n
)
|
¬

F
1
|
F

1
∧

F
2
|
∀

x
•

F
1
|
F

1
;
F

2

(v)
A
b
b
re

v
ia

tio
n
s:⌈

⌉,
⌈P

⌉,
⌈P

⌉
t,

⌈P
⌉
≤

t,
♦

F
,

�
F
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State
A

ssertions:
Syntax

•
T

h
e

set
of

sta
te

a
sse

rtio
n
s

is
d
efi

n
ed

by
th

e
follow

in
g

gram
m

ar:

P
::=

0
|
1
|
X

=
d
|
¬

P
1
|
P

1
∧

P
2

w
ith

d
∈
D

(X
).

W
e

sh
all

u
se

P
,Q

,R
to

d
en

ote
state

assertion
s.

•
A
b
b
re

v
ia

tio
n
s:

•
W

e
sh

all
w

rite
X

in
stead

of
X

=
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d
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=
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=
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=
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=
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∧
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IJX

=
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=
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in
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re
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of
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d
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)
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∧
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