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Contents & Goals

Last Lecture:

« Started DC Syntax and Semantics: Symbols, State Assertions

Real-Time Systems This Lecture:

» Educational Objectives: Capal
» Read (and at best also write) Duration Calculus terms and formulae.

Duration Calculus Cont'd

s for following tasks/questions.

Ledure 04: Duration Calculus|l
« Content:
» Duration Calculus Terms
« Duration Calculus Formulae
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Duration Calculus: Overview Terms. Syntax

+ Duration terms (DC terms or just terms) are defined by the following « Closed intervals in the 13*&

grammar: y
Intv := {[b,e] | b,e € Timeand b < e
0=z || [P £ ,0.) {lbel | }
where x is a global variable, £ and [ are special symbols, P is a state
assertion, and f a function symbol (of arity n).

We will introduce three (or five) syntactical “levels”:

(i) Symbols:
Point intervals: [b,b]

b G ke A b of b bl

(i) State Assertigns: . .
« Cis called length operator, [ is called integral operator

eveludeo/ £0,1
. ¢ . s
« Notation: we may write function symbols in infix notation as usual, A vdoahan of ls s < fchin,
i.e. write 0; + 0 instead of +(6y,6>). _\“ Gars — R
elunte 4o ) We we Val .ko \?w\n LBM h@\.s\ M&
s, je. W= (01 5 R).
ZF A term without length and integral symbols is called rigid. H Wlachas of et/ e
1. [Pl [PI. [PI¥, OF OF : Oxople: £4ly2)3420 5 fpd 3
{xe3 8 ol gd s 3 .



Terms: Semantics

« The semantics of a term is a function

T[0] : Val x Intv — R

i.e. Z[0](V.[b.€]) is the real number that § denotes under interpretation
T and valuation V in the interval [b,

« The value is defined inductively on the structure of §:

]V, B, e]) = V)
clussionl Riesmam, inkpia!

AV, ) —e-b
AN
TP )= [ R#de_~

TLf(01, ..., 0)](V. [by€]) um Hﬁg%‘m{d. -, L0, [6e])

A
Yoy § ScI0) $ KR SRR
- squdan sabe 7

TLPY: Time >0 ff

Terms: Remarks
e tusixu ?.:x« &:R\}QF;

Remark 2.5. The semantics Z[] of a term is insensitive against
changes of the interpretation Z at individual time points.
Ll TuTy be inkopretadion sud #aé T(x)E)= T, (x) &)

fo all X ecaph fv e o€ T
Tew T,0030L661) = T 1OI(0,Ike3).

Remark 2.6. The semantics Z[0](V. [b, €]) of a rigid term does
not depend on the interval [b, ¢].
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Duration Calculus: Overview

We will introduce three (or five) syntactical

(i) Symbols:

a€R,f.g, true false,= <, > <> wxyz XY.Z d
(i) State Assertions:
Pu=0[1|X=d|-P, | P,AP,
(iii) Terms:
Ou=a || [P]f(0r.....0,)

(iv) Formulae:
: Fuzmp(y,....0,) | ~Fy | A AFy Voo Fy | Fy i Fy
3 (v) Abbreviations:
: 1, [P, [Pl [PI¥, OF, OF
¥ 11m

Terms: Semantics Well-defined?

« So, TIf PI(V, [b.¢]) is \&ia dt — but does the integral always exist?
b
« |OW: is there a Pz which is not (Riemann-)integrable? Yes. For instance

1 ifte0={5(pge2f

P =1, ifte¢Q

» To exclude such functions, DC considers only interpretations Z satisfying
the following condition of finite variability:

For each state variable X and each interval [b, ¢] there is
a finite partition of [b, e] such that the interpretation
. X7 is constant on each part.

Thus on each interval [b, €] the function X7 has only
finitely many points of discontinuity.

Formulae: Syntax

» The set of DC formulae is defined by the following grammar:
Fu=p(y,...,0.) | 7F | A AF, Yoo Fy | FijFy

where p is a predicate symbol, 6; a term, z a global variable.

chop operato:

.

+0n)
rigid formula: all terms are rigid

atomic formula: p(6;

doesn't occur

chop fre

usual notion of free and bound (global) variables

Note: quantification only over (first-order) global variables,
not over (second-order) state variables.

12/m



Formulae: Priority Groups

Formulae: Example

+ To avoid parentheses, we define the following five priority groups from
highest to lowest priority:

.- (negation)
.. (chop)
o AV (and/or)
. =, = (implication/equivalence)
. 3,v (quantifiers)

Examples: —
.Jﬁ"m{mkﬁ.ﬂll‘?\ I

133

w.x Xze

F:=fL=03fL=1

(Q=1) W -eR
W)=t (=(a,n)

1 R CE 2K

Lz, =8
12 1 3 4 Time
"
o I[F](V,[0,2) = #
oof: Ororx m=1 o
Tde=08 (% lon) 2 (08) - &
TLII(Dcomy) o

TLSL=13W, [121) = 201,7] <&
TL/a(G00)=1

.?%{?#_wi:%ﬁrx
AU we[013 ot gop N%.?&.
o [aed Jes
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Syntactic Sulstitution...
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...of a term 6 for a variable z in a formula F.

« We use
Flz:=0]
to denote the formula that results from performing the following steps:
(i) transform F into F by (consistently) renaming bound variables such
that no free occurrence of x in I appears within a quantified
subformula 3z e G or V z @ G for some z occurring in 0,

(i) textually replace all free occurrences of x in F by 6.

Examples: F:= (z >y => Jzez>0Az =y+z2), 01:=1{ 0Oy:=(+z,

0
P_H?Wc” mNoNWc>MH._\+NV

u
Pl = T sy — 3rer>0nb T oy iy

References
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Formulae: Semartics

» The semantics of a formula is a function

T[F] : Val x Intv — {tt, ff}

i.e. I[F](V, [b,¢]) is the truth value of I under interpretation Z and
valuation V in the interval [b, e]. R— wﬁiw
€
« This value is defined inductively’on the mG%E_‘m of F: \mh

I[p(0r.....0)](V. [.e)) = p(TLOI (L bed), -, Hﬁf%\k&\
I[-B1W, be)) = e iff TEEI (VL) < F
T[F) A B](V. [be]) = tt iff TEFab (4 J6,03) » TLFHT0, el =4
I e RV [boe]) = ttiff I all {ER, e spelel
ICFLe=alT (WIbed) = #
T[E, ; B](V. [b,e]) =Hiff e is an imelle] sel Al
TCRIWLEWY) « TEF (VU lne]) &

References

15/

[Olderog and Dierks, 2008] Olderog, E.-R. and Dierks, H. (2008). Real-Time Systems
- Formal Specification and Automatic Verification. Cambridge University Press.

31m



