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Real-Time Systems

Lecture 8: DC Properties 11
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Last Lecture:

e DC Implementables

This Lecture:
o Educational Objectives: Capabilities for following tasks/questions.

e Facts: (un)decidability properties of DC in discrete/continuous time.

e What's the idea of the considered (un)decidability proofs?

e Content:
e DC Implementables Cont'd
e RDC in discrete time
Satisfiability and realisability from 0 is decidable for RDC in discrete time

Undecidable problems of DC in continuous time



DC Implementables Cont’d
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Recall: DC Implementables

e DC Implementables
are special patterns of DC Standard Forms (due to A.P. Ravn).

Within one pattern,
o T, m,..., Ty, n > 0, denote phases of the same state variable X,

e ¢ denotes a state assertion not depending on X;.

0 denotes a term.

Initialisation:

[TV [7]; true

Sequencing:
[7] — [rV L V- Vg,

Progress:
[w] < [

Synchronisation:
[ A @] =[]
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Recall: DC Implementables Cont’d

e Bounded Stability:

—r]: [rA Q] =5 [V VeV

e Unbounded Stability:

[-7]s [T Ap]l— [T VT V-V,

e Bounded initial stability:

[T A @] S—9>0 [TV LV Vg,

e Unbounded initial stability:

[T A@l—0o[T VTV -V,
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Recall: Control Automata

Model of Gas Burner controller as a system of four control automata:

e H : Boolean,

representing heat request, (input)
e F' : Boolean,

representing flame, (input)
o C with D(C) = {idle, purge, ignite, burn},

representing the controller, (local)

e (G : Boolean,
representing gas valve. (output)
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Gas Burner Controller Specification
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[TV [idle] ; true, []V [—H]; true, []V [=F];true, []V[-G]; true (Init-1 - 4)

[idle] — [idle V purge] (Seq-1)

M [purge] — [purge V ignite] (Seqg-2)
[ignite] — Tignite V burn] (Seq-3)

\5/ [burn] — [burn Vv idle] (Seq-4)
_’_@ [purge] 30+¢ [—purge] (Prog-1)
[ignite] O054e [—ignite] (Prog-2)

lidle A H] > [—idle] ] (Syn-1)

[burn A (=H V =F)] == [=burn] (Syn-2)

[G A (idle V purge)] = [~G] (Syn-3)

[-G A (ignite V burn)] == [G] (Syn-4)

[—idle] ; [idle A ~H —> [idle] ¥ (Stab-1)

lidle A ~H] —»g [idle] (Stab-1-init)

[—purge] ; [purge] gg [purge] (Stab-2)

[—ignite] ; [ignite] =02 [ignite] (Stab-3)

[=burn]; [burn A H A F| — [burn] (Stab-4)

[F]; [-F A —ignite] — [~F] (Stab-5)

[—F A —ignite] —q [—F] (Stab-5-init)

[G]; [-G A (idle V purge)] — [-G] (Stab-6)

[=G A (idle V purge)] — [-G] (Stab-6-init)

[-G]; [G A (ignite V burn)] — [G] (Stab-7)

Gas Burner Controller Correctness Proof
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GB-Ctrl :=Init-1 A--- AStab-7Ae >0

Recall:
Req <= 0O >60 = 20-[L <)
— - - _

and (cf. [Olderog and Dierks, 2008])~ -\

)
= R/eq—l = Req

-

for the simplified e
-~

(
Req-1: =0/ <30 = [L<1).
A\

-~ S —

~

Here we show )
= GB-Ctrl A A(e) = Reg-1.”



Lemma 3.15 (fidle] = [G<e

A
= GB-Ctl = [ A (Jignite] = £<0.5+¢
A

([burn] = [—F < 2¢

q. O
Proof: Let Z be an interpretation, )V a valuation,
and [¢,d] an interval with Z,V, [¢,d] = GB-Ctrl. Let [b, €] C [c, d].

)
([purge] = fG<s; &)
)

o Case 1: Z,V,[b,e] = [idle]

[G A (idle V purge)] —— [~G] (Syn-3)
W‘%/ [G]; [-G A (idle V purge)] — [-G] (Stab-6)
LV, bel EO(G] = <) AX0([GT5 [-G15 1G])
: i< vlre céd 0)“~
%) fip g4 A o
23 o Case 2: Z,V, [b,e] = [purge] Analogously to case 1.
O:O 9/51
Lemma 3.15 Cont’d (idle] — /G <o)
([purge] = [G <¢)
([ignite] = £ < 0.5+ ¢)
([burn] = [—F < 2¢)
o Case 3: Z,V, [b, €] |= [ignite]
[ignite] 0.0t [—ignite] 1 (Prog-2)
[-F1
V,[be] E{<05+¢ 1
ENRETS
(¥ 1

o Case 4: Z,V, [b,e] = [burn] T[] RF]
/ 17

[burn A (=H V —~F)] —= [—burn]
[F; [-F A —ignite] — [—F]

(Syn-2)
(Stab-5)

[b,e] EO([-F] = £<e) A=O([F]; [~FT;[F])
Q1*-(&] ) 10751
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Lemma 3.16

— 8 — 2014-06-05 — Sexa —

= JceGB-Ctrl = (<30 = [L<1)

Reg-1
Coof Shetcl.
(ot TV, E5eT st TV Ll F63-Ch 4 ¢<30,
Dighwguth 5 s’
TV, LoelE TT (o)

v (Fidle], e 4 €£30) L)
\/(f?wdﬂ;-FMI\ 2¢30) (2)
v ( l’:‘duh'l;ku a Zeso) 13)
v (ThwnT; b n 4e30) (4

Lemma 3.16 Cont’d
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o Case 0: Z,V, [b,e] =[] -/

o Case 1: Z,V, [b,e] = [idle]| ; true A ¢ < 30

fdle] —> [idle v purge’
[—purge] ; [purge] =3 [purge]
I loel £ Tidle 1y Tl ], Tpeage]
3'/5—@ Ty, Iye] ¥ {L €5 v Jlce JLee
(o T 06l EL 428

Ths [ €205 | &s sdfctd fe g7 4 s case.
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(Seq-1)
(Stab-2)
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Lemma 3.16 Cont’d

o Case 2: Z,V, [b,e] = [burn] ; true A ¢ < 30

[burn| — [burn V idle| (Seq-4)

(I,\),u,e]r (w? v Thol; Tl T; owe ) 1 €230

G lee)
35,00 (s Ty F (JLe2e v JLc2e; J2 225 ) 2 €30

b TV teel ¥ JL ¢ be

Thwes liéozfi 5«#’9‘«( 74v K7.7 w Hus  case
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Lemma 3.16 Cont’d

e Case 3: Z,V, [b, €] = [ignite] ; true A £ < 30

[ignite] — [ignite V burn]
g] E (T Ty (Tputel; [ﬁ“i"’,“/)“ x

3&; i @)
5 4 IOk (j[é()ﬂ-g v {Leosie [ [y 248 )4 230
4; 0 Lbe) ):fL ¢ 0.5 +S¢

Y -5é0.4) 5\4#'0:&.,-{ W s ase.

(Seq-3)
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Lemma 3.16 Cont’d

o Case 4: Z,V, b, e] |= [purge] ; true A £ < 30

[purge| — [purge V ignite] (Seq-2)
315
G) TV DhelEfltos+ be

Thos 224-,% / & sfpend i b7 1 eis can.
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Correctness Result

Theorem 3.17.

1
= (GB-CtrI Ne < E) — Req

e | sk | we | e | pege
vb,sm*("“—’*é {Lese ( Jl¢s /é—ézso—

]

; 0e30 —
G L2037 6

& Ale) = sel
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Discussion

o We used only

‘Seqg-1', ‘Seq-2', ‘Seg-3’, ‘Seqg-4’,
‘Prog-2', ‘Syn-2', ‘Syn-3’,
‘Stab-2’, ‘Stab-5’, ‘Stab-6'.

What about
Prog-1 = [purge] 30+e [—purge]

for instance?

Na"fal Have 1o 7l£¢ It7b°./\em‘.¢z (m'c/ ool céo,,/
“kaaf Yoo J\'jS[‘M does W"Z‘h? 74‘% ,

ot He oty
; éd gﬂ" he " 3”’? o fe/v(sﬁ
RDC in Discrete Time Cont’d
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Restricted DC (RDC)

F .= (P-l ’—|F1‘F1\/F2‘F1;F2

where P is a state assertion, but with boolean observables only.

Note:

e No global variables, thus don't need V.

° dup © Hase

e wo {, o ¥ Cin }%LMC)

° w prch,‘mkS, wo funm%« ﬁwéa(s (s rw‘t/)
e 0F..0

e [1..1
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Discrete Time Interpretations

o An interpretation Z is called discrete time interpretation if and only if,
for each state variable X,

X7 : Time — D(X)
with

) Time:]RaL,

e all discontinuities are in INg.

1 —+—
2 3
™/
| '.—-—..
2 X! N .
U‘ﬁ 0 —_~———
% — —
2 v 3 °
|
T
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Discrete Time Interpretations

o An interpretation Z is called discrete time interpretation if and only if,
for each state variable X,

Xz : Time — D(X)
with

° Time:Rar,

e all discontinuities are in IN.

e An interval [b,e] C Intv is called discrete if and only if b,e € INy.

20/51
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Discrete Time Interpretations

o An interpretation Z is called discrete time interpretation if and only if,

for each state variable X, o Lle sy T, Cbel E )—PI
X7 : Time — D(X) i
fb R(E) ot = (e-b)

with
A (C—L) >0

o Time = Ry,
e all discontinuities are in INg.
e An interval [b,¢e] C Intv is called discrete if and only if b,e € INy.
o We say (for a discrete time interpretation Z and a discrete interval [b, e])
I, [b, 6] ‘: F1 H F2
if and only if there exists m € [b, e] N INg such that

NN
7, [bam] ‘: F and 7, [m? 6] |:F2
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Differences between Continuous and Discrete Time
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e Let P be a state assertion.

Continuous Time Discrete Time
= (PT:TPD) |, y
= [P] / /
=Pl = |, ‘. X
(P15 1PY) v ol —
[ 1%

— 8 — 2014-06-05 — Sdisc

but Hen ~
o In particular: £ =1:<= ([1] A=(]1];[1])) (in discrete time). m-b=0
ov e =C
Expressiveness of RDC
e f=1 — [ A=(11]: 1))
e (=0 — 17
o true — ¢=0 V’!(€‘=0)
o [P=0 — [Py ¢=0
«[P=1 <« (IP=0); (P1AC=7); (Jp=0)
e [P=k+1 < (fP =k);(JP =1)
o [P>k = (JP =k); Pme
o [P>k — P>kt
o [P<k <:>-1(fP>k) o <
o JP<k = [P <k-1 Fi= boey T tue
where k:e]N.+ n RDC

req

d'héj cﬂ*-ﬁﬂf (MO('M

are m=1 guel =2
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Decidability of Satisfiability/Realisability from O
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Theorem 3.6.
The satisfiability problem for RDC with discrete time is decidable.

Theorem 3.9.
The realisability problem for RDC with discrete time is decidable.

R foomal F
F 4 T om
® gcwlwcﬁ @?’g‘ gchfwé@
¥ 2 ;ﬁc\’q/—) > we
l:?u(“ €] wgc{
Ny

o LF)l = F vk AT
® XCF)"@ s c(l&clqé[e
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