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Real-Time Systems

Lecture 13: Location Reachability
(or: The Region Automaton)
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Albert-Ludwigs-Universitat Freiburg, Germany



Contents & Goals
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Last Lecture:

e Networks of Timed Automata

e Uppaal Demo

This Lecture:

e Educational Objectives: Capabilities for following tasks/questions.

What are decidable problems of TA?

How can we show this? What are the essential premises of decidability?
What is a region? What is the region automaton of this TA?

What's the time abstract system of a TA? Why did we consider this?

What can you say about the complexity of Region-automaton based reachability
analysis?

e Content:

Timed Transition System of network of timed automata
Location Reachability Problem

Constructive, region-based decidability proof ,
/33
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The Location Reachability Problem
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The Location Reachability Problem

f
Given: A timed automaton A and one of its control locations /.

Question: Is ¢ reachable?

That is, is there a transition sequence of the form

Binis Vo) 25 (01, 01) 225 (0o, 1) 22 . 2% (0 un), b = £

in the labelled transition system 7 (A)?

L

e Note: Decidability is not soo obvious, recall that

e clocks range over real numbers, thus infinitely many configurations,

o Consequence: The timed automata as we consider them here

— 13 — 2014-07-15 — Sdec —

. . .. t ..
e at each configuration, uncountably many transitions — may originate

encode a 2-counter machine, and they are strictly less expressive than DC.
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Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

e Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

e Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

e Lem. 4.20: location reachability
of A is preserved in U(A).

o Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

o Lem. 4.32: location reachability of U/ (.A)
is preserved in R(A).

o Lem. 4.28: R(A) is finite.
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Without Loss of Generality: Natural Constants
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Recall: Simple clock constraints are p :=x ~c|lz—y~c|pAp
with 7,y € X, c€ Qf, and ~€ {<,>, <, >}

o Let C(A) = {c € Q] | c appears in A} — C(A) is finite! (Why?)
e Let t4 be the least common multiple of the denominators in C(A).

o Let t4- A be the TA obtained from A by multiplying all constants by ¢ 4.

Y235 C [J‘) = { -%; «‘l;I Ky (of

1 =
X(f;l 4<lo
'eA'A Y2260 e = &
L’/'\*O‘ x >3 >§ ¢ = 12
x<Y y <120 = 60
(%3-b)
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Without Loss of Generality: Natural Constants
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Recall: Simple clock constraints are p :=x ~c|lz—y~c|pAp
with z,y € X, c € QF, and ~€ {<,>, <, >}

o Let C(A) = {c € Q] | c appears in A} — C(A) is finite! (Why?)

e Let t4 be the least common multiple of the denominators in C(A).

o Let t4- A be the TA obtained from A by multiplying all constants by ¢ 4.

e Then:
o C(tA.A) C INp.

e A location ¢ is reachable in t 4 - A if and only if £ is reachable in A.

e That is: we can without loss of generality in the following consider only

timed automata A with C'(A) C INy.

a

Definition. Let = be a clock of timed automaton A (with C'(A) C
INg). We denote by ¢, € INg the largest time constant c that
appears together with x in a constraint of A.
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Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

v Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

X Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

X Lem. 4.20: location reachability
of A is preserved in U(A).

X Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

X Lem. 4.32: location reachability of U/(.A)
is preserved in R(A).

X Lem. 4.28: R(A) is finite.
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Helper: Relational Composition
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Recall: 7(A) = (Conf(A), Time U By, {i>| A € TimeU Ba}, Cing)

A . . . .
e Note: The — are binary relations on configurations.

-
Definition. Let A be a TA. For all (£1,11), (f2,19) € Conf(A),

<€1,I/1> A—1> O A—2> <€2,V2>

if and only if there exists some (¢, /) € Conf(A) such that

(01, 01) 25 (0,1 and (£, 1) 22 (09, 1),

Remark. The following property of time additivity holds.

. t t t1+t
th,tz € Time Lo 2 = A0
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Time-abstract Transition System
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Definition 4.19. [Time-abstract transition system|
Let A be a timed automaton.

The time-abstract transition system /(. A)

is obtained from 7 (A) (Def. 4.4) by taking

Z/[(.A) = (CO??,f(.A),B?!, {:a>| Q< B?!}, Cini)
where

—C Conf(A) x Conf(A)

tions of A and o« € B9, an action. Then
U, vy = (' V)

if and only if there exists ¢ € Time such that

(L, v) Lo .

L

is defined as follows: Let (¢,v),(¢',v") € Conf(A) be configura-

J
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Edeple (0, V) =% (¢, /') iff 3t € Time e (£,1) 5 0 2 (¢, /)

press?

/«’/”@

)
Clght, x=0> ;g (0“, x =227
<06, v=U ‘;'=) <k, x=6>

<off, se=6> ?=7(0’, x=1”
)
<¢g, =07 ";—‘)46% X=5>
2
off) 120> = L x=0>
<y x=1> = e =17

9
Lhagttt x=B> =<, x=24>
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>3 E; ?.
YES, will 222 we have (L(')ﬁz‘,km) ——')(k,ZD-L)(o{I,?;’)
V&S, amg €ER}Y wks
No,  <off, x-#)—t-aoze&',x:é'7 iwpley a=p? A‘J‘__g;?
o, wo o W, <off, %287 %(nﬂ,;(:s)
NO, puds % echon
Y&, t=0, ex=p?

0, o edye

10/33


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift


Location Reachability is preserved in U(.A)
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r N

Lemma 4.20. For all locations ¢ of a given timed automaton A
the following holds:

¢ is:reachable in 7 (A) if and only if £ is.reachable in Z/(A).

\ ) —"\é é >
Proof: «ZL,
el easy ;Z‘o
Sy @ eballe w T T
&S Hue s L0, 546,15 = A >——>(€ V>
w\’"\_g
, "loéM ».e.

.é'_'.;@,,u,g -’%?; 2% “]W“: »;7 be
.
AT YV S>>, 6,z

"Mt "
é <e01 Vo> §< 097 "_6 %146“”,,, mir7 Q‘ =( éN

Lf f‘! °‘1
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Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

v Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

v Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

v Lem. 4.20: location reachability
of A is preserved in U(A).

Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

Lem. 4.32: location reachability of ¢/(.A)
is preserved in R(A).

Lem. 4.28: R(A) is finite.

X

X

X
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Indistinguishable Configurations

press?
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ress

press

(bright, x = ()>
(bright, z = 0 1) =

press

(,,@'
<§
? ress
/ <br|ght:c_10>p
é} (bright, :C—30> PSS ...

press

(bright, x = 3 OOl)

no
_ <Oﬂ: . O> press
S offr = 29) 22
..'{)Qy.." press
R <off:1:—3()>
N ' press

(off, z = 3. 001>
(off, x = 127 1415)

press
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Distinguishing Clock Valuations: One Clock
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o Assume A with only a single clock, i.e. X = {x} (recall: C(A) C IN.)

e A could detect, for a given v,

X 3axel
whether v(x) € {0,...,c.}. O~ >0
opLe. ;A‘AJVQ/
o A cannot distinguigh v and 1
1A %<2
(o) e (kb1 fim 2, D211 5

and k€ {0,...,¢c, — 1}.

e A cannot distinguish v and 1 O~ x>&, 30
if VZ(ZC) > cp 1 =1, 2.

o If ¢, > 1, there are (2¢, + 2) equivalence classes:

{{0}7(071)7{1}7(172)7'"7{C$}7<Cx7oo)}

If v1(xz) and vo(x) are in the same equivalence class,
then 11 and vy are indistiguishable by A.

14/33
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Distinguishing Clock Valuations: Two Clocks
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o X ={z,y},cz=1¢,=1

=1 A Y-X

N\
\\_

—— % =y A X>1

N
\
>

;,
wJ ‘_——\)\.

1 I)\Iv s 4 C)
=0+ 0{Y< 1 V[ %\ﬁ
.K
— / T~ =135
Rxch 2 O%l—"] »(5) <035
N yd>
A N, \}
0 — %

X

0 Noeea n deyoaa xeyso
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Helper: Floor and Fraction
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e Recall:

Each g € IRaL can be split into
e floor |g| € INg and
e fraction frac(q) € [0,1)

such that
q = q] + frac(q).

16/33



An Equivalence-Relation on Valuations
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-

x € X, and v, 9 clock valuations of X.

We set v = vy iff the following four conditions are satisfied.
(1) For all z € X,

|1(2)| = |va(x)] or both vy (z) > ¢, and va(z) > c,.
(2) Forall x € X with v1(z) < ¢,
frac(v1(z)) = 0 if and only if frac(vy(x)) = 0.

(3) Forall z,y € X,

(1 (z) =11(y)] = [ra(z) —va(y))

or both |v1(x) — v1(y)| > c and |va(x) — va(y)| > c.

(4) For all 2,y € X with —c < v1(2) — 11 (y) < e,

KWhere c = max{cy, Cy}.

Definition. Let X be a set of clocks, ¢, € INy for each clock

frac(vi(z) — v1(y)) = 0 if and only if frac(ve(z) — v2(y)) = 0.

~

J
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Example: Regions| (1) vee X : n@)] = @)V (1(@) > e Avala) > c)
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(2) Ve e X :11(x) <y
— (frac(v1(x)) =0 <= frac(va(x)) =0)

(3) Va,y e X : [ni(z) —ri(y)] = [va(z) - va(y)]
V ([pi(z) = (y)l > e A pa(z) = v2(y)] > )

(4) Yo,y € X : —c<wi(z) —wni(y) <c =
(frac(vi(z) —11(y)) =0 <= frac(va(z) —12(y)) = 0)

Y (7) Ly, (x)) =1 =L, (x)] ’ UZ’U3;

LV’,(&M =0 41‘&[5” VU % []_g
(2) fme(w) =0 = fac @2(x)) becavise. (1) wt

(4 20, feloyf)) %0 sbisped

! " ) L -ng))=0= b &)-n24)]

’ (“) "l
) .|)7_
0
0 1 *
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Regions

— 13 — 2014-07-15 — Sdec —

Y

Proposition. = is an equivalence relation.

Definition 4.27. For a given valuation v we denote by [v] the

Y

equivalence class of v. We call equivalence classes of = regions.

19/33



The Region Automaton
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( )

Definition 4.29. [Region Automaton| The region automaton
R(A) of the timed automaton A is the labelled transition system

R(A) — (CO?’Lf(R(A)),B?l, {gR(.A)‘ oS B?!}, sz)

where
o Conf(R(A)) ={U{,|v]) | € Lv: X — Time,v =1(¥)},

e for each a € By,
(¢, v]) g>R(A) (' [V]) if and only if (¢,v) = (¢', 1)

in U(A), and

[ ) Cz‘m‘: fz'm', Vini Con R.A Wihl/im‘X = 10+¢.
{{Lini, [Vinil) ; 0 Conf (R(A)) with v (X) = {0} P,

Proposition. The transition relation of R(.A) is well-defined, that
is, independent of the choice of the representative v of a region [v].

20/33
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(bright, [z = 0]) = - -

066)’ | ress
QV/T (bright, [z = 0.1]) = - ..
Q% ~ (bright, [x = 1.0]) = ...

RIS . e
\)}/557 (bright, [x = 3.0]) Press ...
press
O]> ............... <bl’|ght [:E — 3. 001]>
(off, [z = 0]) 2=
S (off, [p=29]) =2
N® (off, [x = 3.0)) =2
(off, [z = 3.001]) 2%

21/33



Remark
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7~

(U

Remark 4.30. That a configuration (¢, [v]) is reachable in R(A)
represents the fact, that all (¢,v) are reachable.

IAW: in A, we can observe v when

location £ has just been entered.

The clock values reachable by staying/letting time pass in ¢ are
represented by the regions of R(A).

\

(U
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Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

v

v

X

X

Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

Lem. 4.20: location reachability
of A is preserved in U(A).

Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

Lem. 4.32: location reachability of ¢/(.A)
is preserved in R(A).

Lem. 4.28: R(A) is finite.

23/33



Region Automaton Properties
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Lemma 4.32. [Correctness| For all locations ¢ of a given timed
automaton A the following holds:

¢ is reachable in U(.A) if and only if £ is reachable in R(.A).

(~'¢
<€,1)'> :9(@;,;_')

N\

For the Proof: o

<é.[v3> @—? <e/'[;)d>

"

Definition 4.21. [Bisimulation] An equivalence relation ~ on val-
uations is a (strong) bisimulation if and only if, whenever

vy ~ V3 and <£7 7/1> :04> <€/7Vi>

then there exists v with v/ ~ v and (£, 15) == (€', ).

24/33
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Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

v

v

<

X

Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

Lem. 4.20: location reachability
of A is preserved in U(A).

Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

Lem. 4.32: location reachability of ¢/(.A)
is preserved in R(A).

Lem. 4.28: R(A) is finite.

25/33



The Number of Regions
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f

Lemma 4.28. Let X be a set of clocks, ¢, € INyg the maximal
constant for each z € X, and ¢ = max{c; | z € X}. Then

(2¢ + )X (4e + 3)%|X|'(|X|—1)

is an upper bound on the number of regions.

&

J

\\

Proof: [Olderog and Dierks, 2008]

26/33



Observations Regarding the Number of Regions
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e Lemma 4.28 in particular tells us that each timed automaton (in our
definition) has many regions.

e Note: the upper bound is a worst case, not an exact bound.

27/33



Decidability of The Location Reachability Problem
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Claim: (Theorem 4.33)

The location reachability problem is decidable for timed automata.

Approach: Constructive proof.

v

v

<

AN

Observe: clock constraints are simple
— w.l.0.g. assume constants c € INy.

Def. 4.19: time-abstract transition
system U(A) — abstracts from uncountably
many delay transitions, still infinite-state.

Lem. 4.20: location reachability
of A is preserved in U(A).

Def. 4.29: region automaton R(A) —
equivalent configurations collapse into regions

Lem. 4.32: location reachability of ¢/(.A)
is preserved in R(A).

Lem. 4.28: R(A) is finite.
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Putting It All Together
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Let A= (L,B,X,I,FE, {;,;) be atimed automaton, ¢ € L a location.
o R(A) can be constructed effectively.

o There are finitely many locations in L (by definition).

e There are finitely many regions by Lemma 4.28.

e So Conf(R(A)) is finite (by construction).

e It is decidable whether (Cjyi; of R(A) is empty) or whether there exists a
sequence

«

(Lini, Wini]) = r(a) (01, 1)) = R4 - = RA) (lns [V0])

such that ¢,, = ¢ (reachability in graphs).

So we have

Theorem 4.33. [Decidability]
The location reachability problem for timed automata is decidable.

29/33



The Constraint Reachability Problem
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e Given: A timed automaton A, one of its control locations ¢, and a clock
constraint .

e Question: Is a configuration (¢, ) reachable where v |= ¢, i.e. is there a
transition sequence of the form

Conis Ving) 25 (01, 01) 225 (bg,v9) 225 0 2% (b, v) = (6,0

in the labelled transition system 7T (A) with v = ©?

o Note: we just observed that R(.A) loses some information about the clock
valuations that are possible in/from a region.

Theorem 4.34. The constraint reachability problem for timed au-
tomata is decidable.

30/33



The Delay Operation
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o Let [v] be a clock region.
o We set delay[v] :={v +t| v =Zvand t € Time}.

y / /
SRR

J
yva

0 1

X

e Note: delay|[v] can be represented as a finite union of regions.

For example, with our two-clock example we have

delayz =y = 0] = [x=y»0] u [0¢x=5 21Ty, [x=1=5] v 112x=y]
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