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→
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〉
→
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〉
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〉
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〉
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〉
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〉
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.
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〉
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=
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〈S
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p
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it
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〉,

b
)
d
iv
e
rg
e
if
an

d
o
n
ly

if
it
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u
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.
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→
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〉
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〉
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〉
→

〈S
2
,
τ
〉

〈S
1
;
S
,
σ
〉
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〉
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〉
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=
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〉
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〉
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0
d
o
x
:=

x
+
1
d
o

an
d
a
sta

te
σ
w
ith

σ
|=

x
=
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−−→
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b
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T
h
e
se
m
a
n
tics

o
f
p
artia

l
co

rre
ctn

e
ss

is
th
e
fu
n
ction

M
JS

K
:
Σ
→

2
Σ

w
ith

M
JS

K(σ
)
=

{
τ
|
〈S

,
σ
〉
→

∗
〈E

,
τ〉}

.

(ii)
T
h
e
se
m
a
n
tics

o
f
to
ta
l
co

rre
ctn

e
ss
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th
e
fu
n
ction

M
to
t JS

K
:
Σ
→

2
Σ
∪̇
{⊥

}

w
ith

M
to
t JS

K(σ
)
=

M
JS

K(σ
)
∪
{⊥

|
S
can

d
iverge

from
σ
}
.

⊥
is
an

error
state

represen
tin

g
d
ivergen

ce.
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o
te
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M

to
t JS

K(σ
)
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e
elem

en
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{
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rre
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an
d
on
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M
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⊆
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S
is
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d
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{
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th
e
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p
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w
e
h
a
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o
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n
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{
x
=

0}
S

{
x
=

1}
an
d

|=
to
t
{
x
=

0}
S

{
x
=

1}
.

(b
ecau

se
w
e
o
n
ly
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m
ed

σ
|=

x
=

0
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th
e
exam

p
le,

w
h
ich
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th
e
p
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n
d
itio

n
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•
W

e
h
a
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o
w
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=
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S

{
x
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1
∧
a
[x
]
=

0}
.

•
T
h
e
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g
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ess
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la

d
o
e
s
n
o
t
h
o
ld
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S
:
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x
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S

{tru
e}
.

(e.g
.,
if
σ
|=
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[i]

6=
0
for

all
i
>

2
.)

•
In

th
e
sen

se
of

p
artia

l
co

rre
ctn

e
ss,

{
x
=

2
∧
∀
i
≥

2
•
a
[i]

=
1}

S
{false}

also
h
old

s.
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{
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{
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{
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{
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{
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{
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∧
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∧
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∧
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∧
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{
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o
f
d
eterm

in
istic

p
ro
g
ram

s,
i.e.

⊢
P
D
{
p
}
S

{
q}

if
an

d
o
n
ly

if
|=

{
p
}
S

{
q}

.

S
u

b
stitu

tio
n
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5
/
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4

In
P
D

u
ses

su
b
stitu

tio
n
of

th
e
form

p
[u

:=
t].

(In
fo
rm

u
la

p
,
rep

la
ce

a
ll
(free)

o
ccu

ren
ces

o
f
(p
ro
g
ra
m

o
r
lo
g
ica

l)
varia

b
le

u
b
y
term

t.)

U
su
ally

straigh
tforw

ard
,
b
u
t
in
d
exed

an
d
b
ou

n
d
variab

les
n
eed

to
b
e
treated

sp
ecially:

E
xp

re
ssio

n
s:

•
p
la
in

varia
b
le:

x
[u

:=
t]
≡

{

t
,
if
x
=

u

x
,
o
th
erw

ise

•
co

n
sta

n
t
c:

c[u
:=

t]
≡

c.

•
co

n
sta

n
t
o
p
,
term

s
s
i :

o
p
(s

1
,
.
.
.
,
s
n
)[u

:=
t]

≡
o
p
(s

1
[u

:=
t],

.
.
.
,
s
n
[u

:=
t]).

•
in
d
exed

varia
b
le,

u
p
la
in

o
r
u
≡

b[t
1
,
.
.
.
,
t
m
]
a
n
d
a
6=

b:
(a
[s

1
,
.
.
.
,
s
n
])[u

:=
t]
≡

a
[s

1
[u

:=
t],

.
.
.
,
s
n
[u

:=
t]])

•
in
d
exed

varia
b
le,

u
≡

a
[t
1
,
.
.
.
,
t
m
]:

(a
[s

1
,
.
.
.
,
s
n
])[u

:=
t]

≡
if

∧

ni
=
1
s
i [u

:=
t]
=

t
i
t
h
e
n

t

e
ls
e
a
[s

1
[u

:=
t],

.
.
.
,
s
n
[u

:=
t]]

fi

•
co

n
d
itio

n
a
l
exp

ressio
n
:

if
B

t
h
e
n

s
1
e
ls
e
s
2
fi
[u

:=
t]

≡
if

B
[u

:=
t]

t
h
e
n

s
1
[u

:=
t]

e
ls
e
s
2
[u

:=
t]

fi

F
o
rm

u
la
e
:

•
b
o
o
lea

n
exp

ressio
n
p
≡

s:
p
[u

:=
t]
≡

s[u
:=

t]

•
n
eg

a
tio

n
:

(¬
q
)[u

:=
t]
≡

¬
(q
[u

:=
t])

•
co

n
ju
n
ctio

n
etc.:

(q
∧
r
)[u

:=
t]

≡
q
[u

:=
t]
∧
r
[u

:=
t]

•
q
u
a
n
tifi

er:
(∀

x
:
q
)[u

:=
t]

≡
∀
y
:
q
[x

:=
y
][u

:=
t]

y
fresh

(n
o
t
in

q
,
t,
u
),

sa
m
e
typ

e
a
s
x
.

E
xa

m
p

le
P

ro
o

f
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/
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D
IV

≡
q
:=

0;
r
:=

x
;
w
h
ile

r
≥

y
d
o
r
:=

r
−
y
;
q
:=

q
+
1
d
o

(T
h
e
fi
rst

(textu
a
lly

rep
resen

ted
)
p
ro
g
ra
m

th
a
t
h
a
s
b
een

fo
rm

a
lly

verifi
ed

(H
o
are,

1
9
6
9
).

W
e
w
an
t
to

prove

|=
{
x
≥

0
∧
y
≥

0}
D
IV

{
q
·
y
+
r
=

x
∧
r
<

y
}

N
o
te
:
w
ritin

g
a
p
ro
g
ram

S
w
h
ich

satisfi
es

th
is
correctn

ess
form

u
la

is
m
u
ch

easier
if
S

m
ay

ch
a
n
g
e
x
an

d
y
...

T
h
e
pro

of
n
eed

s
a
lo
o
p
in
varia

n
t,

w
e
ch
o
ose

(cre
a
tive

a
ct!):

P
≡

q
·
y
+
r
=

x
∧
r
≥

0

W
e
prove

•
(1)

{
x
≥

0
∧
y
≥

0}
q
:=

0;
r
:=

x
{
P
}
an
d

•
(2)

{
P
∧
r
≥

y
}
r
:=

r
−
y
;
q
:=

q
+
1
{
P
}
in

P
D
,
an
d

•
(3)

P
∧
¬
(r

≥
y
)
→

q
·
y
+
r
=

x
∧
r
<

y
“by

h
an
d
”.

E
xa

m
p

le
P

ro
o

f
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2
7
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

A
ssu

m
e
:

•
(1
)
{
x
≥

0
∧
y
≥

0
}
q
:=

0
;
r
:=

x
{
P
}
,

•
(2
)
{
P

∧
r
≥

y
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}
,
a
n
d

•
(3
)
P

∧
¬
(r

≥
y
)
→

q
·
y
+

r
=

x
∧
r
<

y
.

•
B
y
ru
le

(R
5
),

w
e
o
b
tain

,
u
sin

g
(2
),

⊢
{
P
}
w
h
ile

r
≥

y
d
o
r
:=

r
−

y
;
q
:=

q
+

1
d
o
{
P

∧
¬
(r

≥
y
)}

E
xa

m
p

le
P

ro
o

f
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2
7
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

A
ssu

m
e
:

•
(1
)
{
x
≥

0
∧
y
≥

0
}
q
:=

0
;
r
:=

x
{
P
}
,

•
(2
)
{
P

∧
r
≥

y
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}
,
a
n
d

•
(3
)
P

∧
¬
(r

≥
y
)
→

q
·
y
+

r
=

x
∧
r
<

y
.

•
B
y
ru
le

(R
5
),

w
e
o
b
tain

,
u
sin

g
(2
),

⊢
{
P
}
w
h
ile

r
≥

y
d
o
r
:=

r
−

y
;
q
:=

q
+

1
d
o
{
P

∧
¬
(r

≥
y
)}

•
B
y
ru
le

(R
3
),

w
e
o
b
tain

,
u
sin

g
(1
),

⊢
{
x
≥

0
∧
y
≥

0
}
D
IV

{
P

∧
¬
(r

≥
y
)}

•
B
y
ru
le

(R
6
),

w
e
o
b
tain

,
u
sin

g
(3
),

⊢
{
x
≥

0
∧
y
≥

0
}
D
IV

{
q
·
y
+

r
=

x
∧
r
<

y
}

P
ro

o
f:

(2
)
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2
8
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

•
P

≡
q
·
y
+

r
=

x
∧
r
≥

0
,

•
(2
):

{
P

∧
r
≥

y
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}

•
{
(q

+
1
)
·
y
+

r
=

x
∧
x
≥

0
}
q
:=

q
+

1
{
P
}
b
y
(A

2
),



P
ro

o
f:

(2
)
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2
8
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

•
P

≡
q
·
y
+

r
=

x
∧
r
≥

0
,

•
(2
):

{
P

∧
r
≥

y
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}

•
{
(q

+
1
)
·
y
+

r
=

x
∧
x
≥

0
}
q
:=

q
+

1
{
P
}
b
y
(A

2
),

•
{
(q

+
1
)
·
y
+
(r

−
y
)
=

x
∧
(r

−
y
)
≥

0
}
r
:=

r
−
y
{
(q

+
1
)
·
y
+
r
=

x
∧
x
≥

0
}
b
y
(A

2
),

P
ro

o
f:

(2
)
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2
8
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

•
P

≡
q
·
y
+

r
=

x
∧
r
≥

0
,

•
(2
):

{
P

∧
r
≥

y
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}

•
{
(q

+
1
)
·
y
+

r
=

x
∧
x
≥

0
}
q
:=

q
+

1
{
P
}
b
y
(A

2
),

•
{
(q

+
1
)
·
y
+
(r

−
y
)
=

x
∧
(r

−
y
)
≥

0
}
r
:=

r
−
y
{
(q

+
1
)
·
y
+
r
=

x
∧
x
≥

0
}
b
y
(A

2
),

•
{
(q

+
1
)
·
y
+

(r
−

y
)
=

x
∧
(r

−
y
)
≥

0
}
r
:=

r
−

y
;
q
:=

q
+

1
{
P
}
b
y
(R

3
),

•
(2
)
b
y
(R

6
),

u
sin

g

P
∧
r
≥

y
→

(q
+

1
)
·
y
+

(r
−

y
)
=

x
∧
(r

−
y
)
≥

0
.

P
ro

o
f:

(1
)
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2
9
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n

S
1
e
ls
e
S
2
fi

{
q}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

•
P

≡
q
·
y
+

r
=

x
∧
r
≥

0
,

•
(1
)
{
x
≥

0
∧
y
≥

0
}
q
:=

0
;
r
:=

x
{
P
}

•
{
q
·
y
+

x
=

x
∧
x
≥

0
}
r
:=

x
{
P
}
b
y
(A

2
),

•
{
0
·
y
+

x
=

x
∧
x
≥

0
}
q
:=

0
{
q
·
y
+

x
=

x
∧
x
≥

0
}
b
y
(A

2
),

•
{
0
·
y
+

x
=

x
∧
x
≥

0
}
q
:=

0
;
r
:=

x
{
P
}
b
y
(R

3
),

•
(1
)
b
y
(R

6
)
u
sin

g
x
≥

0
∧
y
≥

0
→

0
·
y
+

x
=

x
∧
x
≥

0
.

O
n

ce
A

g
a

in

– 15 – 2015-07-09 – Spsq –

3
0
/
5
4

(A
1
)
{
p
}
sk
ip

{
p
}

(A
2
)
{
p
[u

:=
t]}

u
:=

t
{
p
}

(R
3
)
{
p
}
S
1
{
r}

,{
r}

S
2
{
q}

{
p
}
S
1 ;

S
2
{
q}

(R
4
)
{
p
∧
B
}
S
1
{
q}

,{
p
∧
¬
B
}
S
2
{
q}

,

{
p
}
if

B
t
h
e
n
S
1
e
ls
e
S
2
fi
{
q}

(R
5
)

{
p
∧
B
}
S

{
p
}

{
p
}
w
h
ile

B
d
o
S

d
o
{
p
∧
¬
B
}

(R
6
)
p
→

p
1
,{
p
1 }

S
{
q
1 }
,
q
1
→

q

{
p
}
S

{
q}

•
P

≡
q
·
y
+

r
=

x
∧
r
≥

0

{
x
≥

0
∧
y
≥

0
}

{
0
·
y
+

x
=

x
∧
x
≥

0
}

•
q
:=

0
;

{
q
·
y
+

x
=

x
∧
x
≥

0
}

•
r
:=

x
;

{
q
·
y
+

r
=

x
∧
x
≥

0
}

{
P
}

•
w
h
ile

r
≥

y
d
o

{
P

∧
r
≥

y
}

{
(q

+
1
)
·
y
+

(r
−

y
)
=

x
∧
(r

−
y
)
≥

0
}

•
r
:=

r
−

y
;

{
(q

+
1
)
·
y
+

r
=

x
∧
x
≥

0
}

•
q
:=

q
+

1

{
q
·
y
+

r
=

x
∧
x
≥

0
}

{
P
}

•
d
o

{
P

∧
¬
(r

≥
y
)}

{
q
·
y
+

r
=

x
∧
r
<

y
}

M
o

d
u

la
r

R
ea

so
n

in
g
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W
e
can

ad
d
a
ru
le

for
fu
n
ction

calls
(sim

p
lest

case:
on

ly
glob

al
variab

les):

(R
7)

{
p
}
f
{
q}

{
p
}
f
()

{
q}

“
If
w
e
h
ave

⊢
{
p
}
f
{
q}

for
th
e
im

p
le
m
e
n
ta
tio

n
o
f
fu
n
ctio

n
f
,

th
en

if
f
is
ca

lle
d
in

a
state

satisfyin
g
p
,
th
e
state

after
retu

rn
o
f
f
w
ill

satisfy
q.”

p
is
called

p
re
-co

n
d
itio

n
of

f
,
q
is
called

p
o
st-co

n
d
itio

n
.

E
x
a
m
p
le
:
if
w
e
h
ave

•
{
tru

e}
r
e
a
d
n
u
m
b
e
r
{
0
≤

re
t
<

1
0
8}

•
{
0
≤

x
∧
0
≤

y
}
a
d
d
{
(o
ld
(x
)
+

o
ld
(y
)
<

1
0
8
∧
re
t
=

o
ld
(x
)
+

o
ld
(y
))

∨
re
t
<

0
}

•
{
tru

e}
d
i
s
p
l
a
y
{
(0

≤
o
ld
(x
)
<

1
0
8
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