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Last Lecture:
e OCL Syntax

This Lecture:

o Educational Objectives: Capabilities for these tasks/questions:

Please un-abbreviate all abbreviations in this OCL expression. v/
Please explain this OCL constraint.

Please formalise this constraint in OCL.

Does this OCL constraint hold in this system state?

Give a system state satisfying this constraint?

In what sense is OCL a three-valued logic? For what purpose?
How are 2(C) and T¢ related?

e Content:

OCL Semantics
OCL Consistency and Satisfiability
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Recall

OCL Syntax 1/4: EXpressions e, given # = (7,.V, atr), OCL Syntax 2/4: Constants & Arithmetics
« W2 {selfc:mc|CEE}
is a set of typed logical variables, For example:
CIPT = w has type 7(w)
w s r(w) eapr = ..
= i 2 Tt e e o
|G =TTy, i X Bool ol pete | ezpry {and, or,implies} expry : Bool x Bool — Bool
| oclisUndefined, (ezpry) : 7 — Bool * Tp s set of (OCL) basic | not eapry : Bool — Bool
T s types, in the following we use 10,-1,1,-2,2,... Int
Heapr...eapra} 75 X7 = Set(r) ] {B"“"’(,I"”:;’f"‘z: . ¥ | OclUndefin i
o Tg = {70 | C € €} is the se .
| isEmpty(eapr) : Set(r) — Bool of object types, | eapry {+, < Int x Int — Int
| size(expry) : Set(r) — Int o Set(m) denotes the set-of-, Feapry {<, Rl g

type for 7 € 15 U Tig

| allinstancesc Set(zc) (sufficient because of Generalised notation:
MW “flattening” (cf. standard))
lvlegry) e —1) , : ..
« 4 T(0) € ais(©), T(0) € 7. ] expr = w(eapry, ..., expr,) STLX X Ty T
\1“92FT|J tTC = TD [ UU;CMV(C)W vithw e (+ ) a+s bt b)
S | rafeapry) ire - Set(rp) © T R H WEh T
o 1y DL€ atr(C),
s CDe%
5 6 93¢
OCL Syntax 3/4: Iterate OCL Syntax 4/4: Context
Yy add 2/ .
pBpr 1= - -+ | expry-> W Ty — € »
expr ii= - | eopryiterate(wn : 1y ; we : T3 = ezpry | eapry) context = context wy &, ... w8 Inv: expr
where w; € W and 7, € T for all 1 <i < n, n >0,
or, with a lttle renaming,
capr = -+ | expry->iterate(iter : 71: result - 7y = expry | expry) comtest 11y Crovity 2 Gy inv e
c T is an abbreviation for R
where \
« expry is of a collection type (here: a set Set(ry) for some o), a”‘"m"‘“‘«l > forni Wi e |
o iter € W is called iterator, gets type 71
(if 71 is omitted, 7y is assumed as type of iter) allinstancesc;, => forAll(w,, : 7c,, \
o result € W is called result variable, gets type 72, pain ’
© capr, in an expression of type 72 giving the initial value for result, ) T T = -7
(OclUndefined.., if omitted)
+ capry is an expression of type 7 3 )
in which in particular_iter and result may appear.
1 45

OCL Semantics: The Task
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Given an OCL expression expr (over signature .%), e.g.

an

expr, = context DD inv : wen implies win > 0

d a system state o € Z?;, eg.

o1 = {7VM — {dd — {1DD}, cp —> {3DD,5DD}}, 1pp — {wm — 13, wen —» true},

an

3cp — {wen — true}, 5cp — {wen — false}}

d a valuation of logical variables 8 : W — I(7 UTp U Ty),

define the interpretation of ezpr in ¢ under 5

1

[-1(-, ) : OCLExpressions(-) x Z?p x (W = I(7UTgUTy)) — I(Bool)

i.e.

I[expr](o, B) € {true, false, L poo:}-



OCL Semantics OMG (2006)
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Basically business as usual...

(i) Equip each OCL (!) type with a reasonable domain, i.e. define function
fywith dom(I) = 7 UTp U Ty

(ii) Equip each set type Set(r) with reasonable domain, i.e. define function

I yith dom(I) = {Set(r0) | 70 € T UTpUTs}

(iii) Equip each arithmetical operation with a reasonable interpretation
(that is, with a function operating on the corresponding domains).

{_Q/Vith dom(I) ={+,—-,<,... }, eg, %4—) € I(Int) x I(Int) — I(Int)
(iv) Set operations similar: 4ﬂwith dom(I) = {isEmpty, ...}
(v) Equip each expression with a reasonable interpretation, i.e. define function

IL): Expr x 2, x (W — %y UTp UTg)) — IC_QBOOZ)
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Basically business as usual...
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(i) Equip each OCL (!) type with a reasonable domain, i.e. define function
I with dom(l) = ZUTpUTy

(ii) Equip each set type Set(7) with reasonable domain, i.e. define function

I with dom(I) = {Set(m) | 70 € T UTE UTy,}

(iii) Equip each arithmetical operation with a reasonable interpretation
(that is, with a function operating on the corresponding domains).

I with dom(J) = {+,—,<,...}, eg., I(+) € I(Int) x I(Int) — I(Int)
(iv) Set operations similar: I with dom(I) = {isEmpty,...}

(v) Equip each expression with a reasonable interpretation, i.e. define function

I:Exprx 2 x (W — I(7 UTp UTg)) — I(Bool)

...except for OCL being a three-valued logic, and the “iterate” expression.

(i) Domains of OCL and (!) Model Basic Types
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Recall: OCL basic types

T = {Bool, Int, String }

We set:
° ILgBool) := {true, false, L goor} Z Horee - valieeof
o I{Int) =7 O {Lfm}
o I(gString) = ... U{Lstring}
' ,(4'{,0:4.6 Wion

We may omit index 7 of L. if it is clear from context.

Given signature . with model basic types .7 and domain 2, set
[(T) = 2(T) 0 { L7}

for each model basic type T' € 7.



OCL and Model Types?! An Example.

OLDENBURG

& = ({Bool, Nat},{ VM, CP, DD},
{ep: CP,,dd : DD 1, wen : Bool, win : Nat},
{VM + {cp, dd}, CP — {wen}, DD — {win, wen})

holel Tupes. 0CL Types -

D, =) =§0.13 T(3() = $pu, flre,1g,.} Fed
D, (at) =$0,-. 55§ Iuﬂrzouuf # Ty
D, (VA4) =14, ZA§ I(A:‘-) = £0,.,253 0 F Luae§

T(Tun)= £, 2, § 0L g,

I(&”[A)= {0/45 v { 'L‘A(;.i
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(i) Domains of Object and (ii) Set Types

o Let 7¢ be an (OCL) object type for a class C' € ¥.

o We set
I(r¢) = 2(C) U {L,.}

o Let 7 be a type from T UTg U Ty.

o We set
I(Set(r)) := 2" U {Lgeyr)}

Note: in the OCL standard, only finite subsets of I(7).
But infinity doesn't scare us, so we simply allow it.
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(iii) Interpretation of Arithmetic Operations

e Literals map to fixed values: ="y T(ht)
v (4

I(true) := {//L;e, I(false) = fulhc , 100) =0, I(1):=1,...

m 1 pp—
OLLExps :r(&,,,) I(OclUniineflnedT) = Jﬂ',"r
0wbw  Ier)

€
N 10/36
(iii) Interpretation of Arithmetic Operations
e Literals map to fixed values: T(h¢
P 0Ep T )
I(true) := trge, I(false) := false, 100):=0, 1(1):=1,...
m g .
oLLER T(Sa!l) I(OclUn%eflnedT) = J,;)T
0 &xpy Ttr)
o Boolean operations (defined point-wise for z1,x2 € I(7)):
TR) o
/"'\ trwe , ifz1# L. # 22 and 11 = 22
I(=7)(z1,22) :== X false ,ifx1 # L. # x2 and 1 # x2
L Boor , otherwise
bt :
o Integer operations (defined point-wise for x1,z2 € I(Int)): L) (M, 1)=L
‘r@) G"‘é‘l")'#(
14 T2 L ifT1# LA R
I = ?
(+)(@1, 22) {L , otherwise el

Note: There is a common principle.
The interpretation of an operation (symbol) w: 71 X ...7, = T
is a function I(w) : I(71) X -+ X I(m) — I(7) on corresponding semantical domain(s).
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(iii) Interpretation of OcllsUndefined
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e The is-undefined predicate (defined point-wise for z € I(7)):

. true ,ifx=_1,
I(ocllsUndefined.)(z) := {false otherwise

Note: I(ocllsUndefined.) is definite, i.e., it never yields L.

11/36

(iv) Interpretation of Set Operations

— 4 —2015-11-03 — Soclsem —

Basically the same principle as with arithmetic operations...

Let 7€ T UT5UTe.

e Set comprehension (z1,...,x, € I(7)):
I{}3) (21, .y xn) i={21,. .., Tn}
q 1, —_—
for all n € INg I(z) ZIw) e Tty

o Empty-ness check (z € I(Set(7))):

true ,ifx =10
I(isEmpty”)(z) := { LBoor , if T = Lges(r)
false , otherwise
wwnbes of eloswets inx

e Counting (z € I(Set(7))):
|z if 2 # Lsei(r) ol © tt"‘"[’

1 me , otherwise

I(size™)(z) := {

12/36



(v) Putting It All Together

OCL Syntax 1/4: Expressions  \yhere, given # = (7,6,V, atr),
© W2 {selfeire | CE%)

is a set of typed logical variables,
eapr = w has type 7(uw)

w s r(w)

« 7is any type from 7 UTp UTe
et (7 Ty Te

V| (& = s 7 xr — Bool UtSet(m) [ € 7 UTp UTie}

/| oclisUndefined: (epry) 7 = Bool * Tp s set of (OCL) basic
i types, in the following we use

Bool, Int, String}

o Tg = {7 | C € €} is the set

of object types,
« Set(rp) denotes the set-of-r,

| {expry.....epr,}  Tx X7 Set(r)
: Set(r) > Bool

‘;\ isEmpty(ezpr1)

| size(eapry)  Set(r) - Int
s type for 7 € T U T
| allinstances.: : Set(zc) (sufficient because of
v ‘M “fattening” (cf. standard))
glvlemn) T re— Il

o 4:T(v) € atr(C), T(v) € 7,
© 11 Dy € atr(C),

o 't D € atr(C),
«CDeYE

QA | ri(expry) ST =T

= | ralezpry) o

1 7¢ = Set(tp)

OCL Syntax 3/4: Iterate
W ad 2K

| eapry-siterate(wy : 1y s wn : 7y = expry | espry) F
— — o e —_—

]

or, with a little renaming,

expr = - - | expry~>iterate(iter : 71; result : Ty = expry | expry)
% T,
where
« expr, is of a collection type (here: a set Set(ro) for some a),

« iter € W is called iterator, gets type 7,
(if 71 is omitted, 70 is assumed as type of iter)

© result € W is called result variable, gets type 7,

« capr in an expression of type T giving the initial value for result,
(OclUndefined., if omitted)

% e expry is an expression of type 7

in which in particular iter and result may appear.
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Valuations of Logical Variables

OCL Syntax 2/4: Constants & Arithmetics

For example:

expr = /
| true, false : Bool

V| expry {and,or,implies} ezpry : Bool x Bool — Bool

| pot expry : Bool — Bool
‘/f —1,1,-2 :Int
$Y) OclUndefined, T
‘/ expry {+,— : Int x Int — Int
| expry {<, < : Int x Int — Bool

Generalised notation:

expr == w(eapry, ..., expr,) ITLX X Ty ST /
T s At t(a, b,
withw e {+,—,...} “ )

OCL Syntax 4/4: Context

[4

context = context wy B, ..., w, ;B IV expr

where w; € Wand 7, € Tg forall 1 <i<n, n>0.

context g Oy wn: o inv uy\r 3
is an abbreviation for -
allinstancest:, -> forAll(i; : 7, | \
\

allnstancesc, =>forAllun : 7, | |

/”{”(fcldéff

e Recall: we have typed logical variables (w €) W, 7(w) is the type of w.
AN

e By 3, we denote a valuation of the logical variables, i.e. for each w € W,

B(w) € I(1(w)).

ﬂ: N— I(EU'CVT)

(173
W T(x(ER) - T(emr)

v v
ﬁ=§l’(§l{HM/
”Q'W.Hz}vhs

N n

A =T % e
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(v) Putting It All Together...

expr == w | w(expry, ..., expr,) | alllnstancesc | v(expry) | r1(expry)

N | ro(expry) | expri—>iterate(vy : 71 ; vy : T2 = expry | exprs)
¢
W

E@
o I[w](o [S(w
ey W‘t‘vb oma
o 1W5Ceaprs, ..., enr,))(0,8) = TN TCop3 () ., Tlope o))
ey H(B,wadl) e I(+)( rmj(r,#) TlrelIh))

o I[allinstancesc](o, B) := dom (u‘) n @((’)

Jld:« aLJW’S‘{
< .S-"‘O‘ o Ci

Note: in the OCL standard, dom(o) is assumed to be finite.
Again: doesn't scare us.
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_ Example — pf gy xn 2]

OLDENBURG

STUDEITENVER

& = ({Bool, Nat},{VM, CP, DD},
{ep : CP.,dd : DDy 1, wen : Bool, win : Nat},
{VM — {cp,dd}, CP — {wen}, DD — {win, wen})

15/36

AEE =

or ={Tvm = {dd — {1pp}, cp = {3pp,50p}}, 1pp > {win — 13, wen — true},

3cp — {wen — true}, 5cp — {wen — false}}

o I[w](o,B) := B(w) @ o I[alllnstancesc] (o, B) := dom(o) N 2(C) @
o Iw(eapry, ..., expry)] (o, B) := I(w)(I[ezpri](, B), .. . I[expr, ] (o, ﬁ))ﬁ

e T x + alllstumas 52 ] (5, ,A)=23

€]
° I[sd&\.,l(c:., )= /-"(w![w,j =9'¢1 (,.( T +(x/ 595(-'”/«9/—'«",))3( 8] )

o T3 (o, ) = Ak)=2) &) EM( ;‘E‘Ejim @9 521(.,8) )

= £t T s Serd 0 S 130g] L (3, T (£, 599))
—~— “E(H(z?.?)-zg
()
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o TUlrhetmees 1 (, ;}=Jmlm | ®(cF) L6 (2, T6) (TT L1, 1)

16/36



(v) Putting It All Together...

expr == w | w(expry, ..., expr,) | alllnstancesc | v(expry) | r1(expry)

| ro(expry) | expri—>iterate(vy : 71 ; vy : T2 = expry | exprs)

Assume expry : 7¢ for some C € €. Set uy := I[expr,](o, 8) € P(7¢).
A G e ]

{ (6(w)6), i e dome)

o Io(eapr))](o,5) :=
7

A , cMm'.Sc

€k
vT,
TET
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Example .
_ mxampie 5 sl w, B, self e *>3cr, nMa}
& = ({Bool, Nat},{ VM, CP, DD},
{cp: CP.,dd : DDg,1, wen : Bool, win : Nat},
{VM — {cp, dd}, CP — {wen}, DD — {win, wen})

L2
o=
-
oca
=
s
=)
p—
o

o1 ={Tym > {dd = {1pp}, cp = {3pp,50p}},  Lpp — {win — 13, wen H@},

3cp = {wen Hifm}’ 5¢gp — {wen b—)%}}

Assume expr; : ¢ for some C € €. Set uy := I[expr,](c,B) € D(1¢).

o(u1)(v) ,if uy € dom(o)
1 , otherwise

o Io(eapry))(o, ) i= {

expt,
o L wo«(;@;m (ﬁ,ﬂl =(o:,(v,)\(m,) =

w.:_".l:[-s“w I(a‘lb) = 3(p J;"' !

OIZ):W(S)XC“}@ =L
LT (o A<t wof alie !

— 4 —2015-11-03 — Soclsem —

18/36



(v) Putting It All Together...

expr == w | w(expry, ..., expr,) | alllnstancesc | v(expry) | r1(expry)
| ro(expry) | expri—>iterate(vy : 71 ; vy : T2 = expry | exprs)

Assume expry : 7¢ for some C € €. Set uy := I[expr,] (o, 8) € P(7¢).

o(ur)(v) ,if ug € dom(o)
1 , otherwise

o Ifv(eapry)l(o, B) = {

i'p d,ewéf} M 0-644)(1'4):{‘43

o I[ri(expry)] (o, B) := {1 ! loasiriing
1: D

o Ifra(expry)](o,B) ==
& P

o(u(v), i vie ‘/4"‘/0')
L , ohausx

Recall: o evaluates 75 of type C, to a set.
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(v) Putting It All Together...

expr = w | w(expry, ..., expr,) | allinstancesc | v(expry) | r1(expry)
| ro(expry) | expri—>iterate(vy : 71 ; vy : T2 = expry | exprs)
(_Lzz Lif J:lEexp(,,K(b',[():_Lz'

o I[[%-Nterate(vl DT v2 T2 = gxpry | exprs)] (o, B)
_ {l exprol(a. 8)  if I[expri](a,B8) =0

iterate(hlp, v, va, exprs, 0, 8’) , otherwise
b—

where.__[i;' = Blhlp — I[expr,](c, B),v2 — I[exprs](c, B)] and

° W(hlpa U1, V2, €XPT3, 0, B/)

_ Jleaprs)(o. B'[v1 — a]) , if B'(hip) = {=}
") ITeaprs] (o, 8”) ,if B/ (hlp) = X U{x} and X # 0

where 8" = B'[v1 = x,v2 — iterate(hip, v1,v2, exprs, o, B'[hlp — X])]

Quiz: Is (our) I a function?

20/36
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Example

& = ({Bool, Nat},{ VM, CP, DD},
{cp: CP.,dd : DDg,1, wen : Bool, win : Nat},
{VM ~ {cp, dd}, CP — {wen}, DD > {win, wen})

=
—
=
=
—
=
=
=
=
r—3
—1
—
=

= CIHOLDENBURG

o1 ={Tvm — {dd — {1pp},cp — {3pp,50p}}, 1lpD +— {Win — 13, wen — ELLe},
3cp — {wen — true}, 5cp — {wen — false}}

@ = context DD inv : wen implies win > 0

T ks > (o T | s (i), >Coety), 0)) 15, o)
ke (v vedbsdon | vl amd  —= — | ’

=taa

€
N

Another Example =

. = ({Bool, Nat},{ VM, CP, DD}, =

o

{cp: CP.,dd : DDg,1, wen : Bool, win : Nat}, L

{VM s {cp, dd}, CP ~ {wen}, DD — {win, wen}) ]

o1 ={Tvm — {dd — {1pp}, cp = {3pp,5pp}}, 1lpp +— {win — 13, wen — true},
AN — e ———
3cp — {wen — true}, 5cp — {wen — false}}
'L[L (onltd VM v cpéﬁiﬁ//(c/ wen (¢} = o)
A (! wé):,&éc/ _
o p = 1= \B(q,ﬁ)_ﬂg

€
N

21/36
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