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Last Lecture:
e OCL Syntax

This Lecture:

e Educational Objectives: Capabilities for these tasks/questions:

Please un-abbreviate all abbreviations in this OCL expression. /
Please explain this OCL constraint.

Please formalise this constraint in OCL.

Does this OCL constraint hold in this system state?

Give a system state satisfying this constraint?

In what sense is OCL a three-valued logic? For what purpose?
How are Z(C') and T related?

e Content:

OCL Semantics
OCL Consistency and Satisfiability
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Recall

OCL Syntax 1/4: Expressions

expr =
w :7(w)

— . B l
| \eapry=-expry 1T X T — Boo

| ocllsUndefined, (expry) : 7 — Bool

= himees
| {expry, ... expr,} T X .- X T — Set(r)
| isEmpty(expry) : Set(r) — Bool

: Set(r) — Int

| alllnstancesg : Set(1¢)

[
Mw
(ezgry) )

| size(expry)

é v(expr TC —
] —" o u:T(v) €atr(C), T(v) € 7,
9| ri(expry) LTe = TD 7 N
& o ° T1:Dos € atr(C),
2 | re(expry) 17 — Set(Tp) o
g‘ o 19t D, € atr(C),
2 e C,De%.
] 6/35
OCL Syntax 3/4: Iterate
Vi ad 20t
expr ==+ | expri->iterate(wy : Ty ; wo : To = expry | exprs)
—— —_ g o — —
or, with a little renaming,
| expr == - -+ | expr,->iterate(iter : 71; result : o = expry | exprs)
4 o
_,q_), where
= e expry is of a collection type (here: a set Set(o) for some 70),
-
V)] o iter € W is called iterator, gets type 71
| (if 71 is omitted, 7o is assumed as type of iter)
8 ‘5 o result € W is called result variable, gets type 72,
‘_'| J? e expr, in an expression of type T giving the initial value for result,
— 2 (OclUndefined-,, if omitted)
] P
ﬁ E o expry is an expression of type 7o
o B in which in particular iter and result may appear.
(Q\] 3
| ] 11/35
<
I

Where, given .7 = (7,6, V, atr),

W D {selfo:7¢ | C €€}
is a set of typed logical variables,
w has type 7(w)

T is any type from J UTp U Ty
U {SCt(T(]) ‘ T0€ T UTR UT(g}

Tg is a set of (OCL) basic
types, in the following we use
T = {Bool, Int, String}

Ty = {1c | C € €} is the set
of object types,

Set (7o) denotes the set-of-7,
type for 7o € Tg U Ty
(sufficient because of
“flattening” (cf. standard))

OCL Syntax 2/4: Constants & Arithmetics
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For example:

expr = ...
| true, false : Bool
| expry {and,or,implies} expr,y : Bool x Bool — Bool
| not expr, : Bool — Bool
10,-1,1,-2,2,... - Int

¥ | OclUndefined, i T
| expry {+,—,...} expry : Int x Int — Int
| expry {<,<,...} expry : Int x Int — Bool
Generalised notation:
expr = w(expry,...,expr,) T X e X Ty =T

th = t(a, b
withw e {+,—,...} B )

9/35
OCL Syntax 4/4: Context
d a
context ::= context wy (&, ..., wy & inv: expr
where w; € Wand 7; € Ty forall 1 <i<n,n>0.
context&:‘g},...7wn:c’n inv : ezp: i
is an abbreviation for TPTT TN
alllnstancesg, -> forAII(Tv_f 1Tey | \
= \
allinstancesc,, =>forAll(w, : 7, | /
| expr
& — L7
3 ) - - _ =
I
3 )
T 14/35

3/36



OCL Semantics: The Task

— 4 — 2015-11-03 — Sthetask —

o Given an OCL expression expr (over signature .¥), e.g.

expr,; = context DD inv : wen implies win > 0

o and a system state o € £%, e.g.

o1 =4{7vm — {dd — {1pp},cp — {3pp,5pD}}, 1lpD — {win — 13, wen > true},

3cp — {wen — true}, bHcp — {wen — false}}

e and a valuation of logical variables 3 : W — I(7 UTp U Ty),

e define the interpretation of eczpr in ¢ under

IT-1(-, -) : OCLEzxpressions() x 2, x (W — I(Z UTg UTy)) — I(Bool)

l.e.

I[expr](o, 8) € {true, false, L goo; }-

4/36
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OCL Semantics OMG (20006)
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Basically business as usual...

(i) Equip each OCL (!) type with a reasonable domain, i.e. define function
4;‘With dom(I) = JUTgUTy

(ii) Equip each set type Set(1g) with reasonable domain, i.e. define function

L yvith dom(I) = {Set(mg) | 70 € T UTpUT¢}

(iii) Equip each arithmetical operation with a reasonable interpretation
(that is, with a function operating on the corresponding domains).

{Wlth dom(l) = {+,—,<,... }, eg, ./Tg—l—) € I(Int) x I(Int) — I(Int)
(iv) Set operations similar: %\with dom(7) = {isEmpty, ...}

(v) Equip each expression with a reasonable interpretation, i.e. define function

IL): Ezpr x X7, x (W — %9 UTpUTy)) — [‘_gBaol)

— 4 — 2015-11-03 — Soclsem —
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Basically business as usual...
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(i) Equip each OCL (!) type with a reasonable domain, i.e. define function
I with dom(I) = 7 UTgUTy

(ii) Equip each set type Set(1g) with reasonable domain, i.e. define function

I with dom(I) = {Set(mg) | 70 € T UTpUT¢}

(iii) Equip each arithmetical operation with a reasonable interpretation
(that is, with a function operating on the corresponding domains).

I with dom(I) = {+,—,<,...}, eg., I(+) € I(Int) x I(Int) — I(Int)
(iv) Set operations similar: I with dom([/) = {isEmpty,...}

(v) Equip each expression with a reasonable interpretation, i.e. define function

[: Expr x ¥72, x (W = I(Z UTp UTys)) — I(Bool)

...except for OCL being a three-valued logic, and the “iterate” expression.

6/36



(i) Domains of OCL and (!) Model Basic Types
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Recall: OCL basic types

Ty = {Bool, Int, String }

We set:
¢ I(;QBOOZ) .= {true, false, 1 goor} Z Pree - valieeof
o I{Int) :=Z U4 {,nt}
o [LString) = ... UL Lstring }
| o(o'{)o\'n.é Mmaon

We may omit index 7 of L if it is clear from context.

Given signature . with model basic types .7 and domain &, set
[(T) == 2(T) U{Lr}

for each model basic type T' € 7.

7/36
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OCL and Model Types?! An Example.
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SUDHTHE)
OLDENBURG
[EE =

& = ({Bool, Nat},{VM,CP,DD},

{ep: CP,,dd : DDg 1, wen : Bool,win : Nat}, fﬂvﬁ =
{VM — {cp,dd}, CP — {wen}, DD — {win, wen}) U )
0, (&’,Q ={0'1§ I(‘B&Q + { e, 1‘6""'&«/5 fioed
D, () =§0,-. 5] Tlet) < Zodbee  J47
D, (vh) = {14, 2un -} T(Met) = £0,.,2575 o F Lune§

T(Tw)z {24, § 0 dug,§
I(&U/JQ).: {0,45,‘/{_Lwhi

8/36
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(i) Domains of Object and (ii) Set Types
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o Let 7 be an (OCL) object type for a class C € ¥

o We set
I(t¢) =2(C)Uu{l, .}

o Let 7 be a type from T UTg U Tw.

o We set
I(Set(r)) := 2" U {Lges(r)}

Note: in the OCL standard, only finite subsets of I(7).
But infinity doesn'’t scare us, so we simply allow it.

0/36



(iii) Interpretation of Arithmetic Operations
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e Literals map to fixed values: It
p aagw - )
I(true) = true, I(false) :=falsc . 1(0):=0, I(1):=1,...
m n :
qLEsps  T(5a I(OclUn?neflnedT) =L

m
0L Expy T

10/36
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(iii) Interpretation of Arithmetic Operations
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o Literals map to fixed values: T(lt)

I(true) := t’f;l\l,e, I(false) := false, 1(0):=0, 1(1):=1,...

m 1 .
QLLExps I‘(&,,/) I(OclUnc’IneflnedT) = J,;,T
wEkPJ I(T}

e Boolean operations (defined point-wise for x1, x5 € I(7)):

/UI\ im e if I 75 J_T 75 xIo and T1 = I2
I(:T)(xl,xg) = false , if 1 7& J_T 7& ) and 1 ?é )
1 Boot , Otherwise
bt :
o Integer operations (defined point-wise for x1, x5 € I(Int)): L(v) (e, L)=L
ré\) (7“("1 ‘-) bﬁls{
xr1 + X2 ,ifxl#J_;éxg L ¢
I(+)(x1,x2) := ?
() (@1, 22) {J_ , otherwise e
Note: There is a common principle.
The interpretation of an operation (symbol) w: 71 X ...7, = 7
is a function I(w) : I(m1) X -+ x I(1,) — I(7) on corresponding semantical domain(s).

10/36
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(iii) Interpretation of OcllsUndefined
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o The is-undefined predicate (defined point-wise for x € I(7)):

_ true ,ifx= 1,
I(ocllsUndefined, )(x) := {false otherwise

Note: I(ocllsUndefined;) is definite, i.e., it never yields L.

11/36



(iv) Interpretation of Set Operations
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Basically the same principle as with arithmetic operations...

let 7€ T UTp UTw.

e Set comprehension (z1,...,x, € I(7)):
I({} )(371,...,3;7;) ‘= {3317';‘332}/
for all n € IN, I(z) Tk) eI (5t 147

e Empty-ness check (z € I(Set(7))):

true ,ifx=10
I(isEmpty™)(z) := < Lpoot , if 2 = Lge(r)
false , otherwise
o Counting (z € I(Set(7))): wiinbes d/cé_muﬁ * X

2| i 2 Lgry amd ¢ fute

17, otherwise

I(size” )(x) := {

12/36
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(v) Putting It All Together
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OCL Syntax 1/4: Expressions e, given . = (7.6, V, atr),

o WD {selfo :7¢ | C €€}
is a set of typed logical variables,
w has type 7(w)

expr =
w F7(w) T is any type from J UTp U Ty
U {SCt(T(]) ‘ T0 € T UTp UT(g}

o | eapri=-expry : 7 X T — Bool

e Ty is a set of (OCL) basic
types, in the following we use
T = {Bool, Int, String}

Ty = {1c | C € €} is the set
of object types,

| ocllsUndefined, (expry) : 7 — Bool

I

TX X Set(7)
: Set(r) — Bool
: Set(r) — Int
: Set(1¢)

Jl {e:cprl, ce ~e$prn}

:;| isEmpty(expr;)
| size(expry)

Set (7o) denotes the set-of-7,
type for 7o € Tg U Ty

| alllnstancesg (sufficient because of

\———_——\_,—'J i, . "
NN —m =~ flattening” (cf. standard))
{ | v(ezpry) 10— 7(v
] —" o u:T(v) €atr(C), T(v) € 7,
Q (| ri(eapry) 1TC D v ~-
& o ° T1:Dos € atr(C),
2| re(expry) 17 — Set(Tp) o
g‘ o 19t D, € atr(C),
g e C,De%.
] 6/35
OCL Syntax 3/4: Iterate
Vi ad 20t
expr ==+ | expri->iterate(wy : Ty ; wo : To = expry | exprs) V
[ — g o e —_— o
or, with a little renaming,
expr == - -+ | expr,->iterate(iter : 71; result : o = expry | exprs)
) T,
where
e expry is of a collection type (here: a set Set(o) for some 70),
o iter € W is called iterator, gets type 71
(if 71 is omitted, 7o is assumed as type of iter)
‘5 o result € W is called result variable, gets type 72,
J? e expr, in an expression of type T giving the initial value for result,
2 (OclUndefined-,, if omitted)
; o expry is an expression of type 7o
g‘ in which in particular iter and result may appear.
< 11/35

OCL Syntax 2/4: Constants & Arithmetics
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For example:

expr 7
| true, false

|/\ expry {and, or,implies} expry

| not expr,

0, —1,1,-2,2, ...

OV‘/OCIUndefinedT
expry (.-

| expry {<, <, ..

Generalised notation:

withw e {+,—,...}

expr = w(expry,...,

.} expry
.} expry

exprn )

T X s X Ty =T
At ~t t(@,b)

: Bool

: Bool x Bool — Bool
: Bool — Bool

: Int

i T

: Int X Int — Int

: Int X Int — Bool

/

9/35
OCL Syntax 4/4: Context
d a
context ::= context wy (&, ..., wy & inv: expr
where w; € Wand 7; € Ty forall 1 <i<n,n>0.
context&:‘g},...7wn:c’n inv : ezp: i
is an abbreviation for TPTT TN
alllnstancesg, -> forAII(Tv_f 1Tey | \
= \
allinstancesc,, =>forAll(w, : 7, | /
i y
;é ) ~— - _ _ -
I
3 )
T 14/35

13/36
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Valuations of Logical Variables
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4/{*% [cees

e Recall: we have typed logical variables (w €) W, 7(w) is the type of w.

NN

e By 3, we denote a valuation of the logical variables, i.e. for each w € W,

Bw) € I(7(w)).

ﬂ: N — I(EUEVT)

T2
i I'('L'(E)) = I(&af)
174 v
/g=§ resdd P o,
W\af.”" Z}Vﬁs
n

M
o I(t('xevA ) =Ty, )

14/36
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(v) Putting It All Together...
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expr :=w | w(expry,...,expr,) | alllnstancesc | v(expry) | r1(expry)

| 7o (expry) | expri—>iterate(vy : Ty ; vy 1 Ty = expry | exprs)

ot

\ % 2*

o I[w](o /S(w

ey Sdc% omeqa
o [fw(expry,...,expr,)](o, 1—[“" (Iﬂ:ﬂf)’lo:ﬁ(b‘: R) .. Il"wnl(tf,ﬂ)
ey +(8B,wdl) g I IT( vsj(c,#} IlretJGa) )

o Ifalllnstancesc] (o, B) := dow () N @CC’)
—N—
A alir *MS 4
#&2‘5 "m0 ckss
Note: in the OCL standard, dom(o) is assumed to be finite.
Again: doesn't scare us.

15/36
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Example  ff gy, i, e1s5]

SUDHTHE)
OLDENBURG
[EE =

& = ({Bool, Nat},{VM,CP,DD},
{ep: CP,,dd : DDg 1, wen : Bool,win : Nat},
{VM — {cp, dd}, CP — {wen}, DD — {win, wen})

q
H
{

Ve
L

o1 ={7vm — {dd — {1pp}, cp — {3pp,5pD}}, lpp {win — 13, wen > true},
3cp — {wen — true}, b5cp — {wen — false}}

o I[w](c,B) = Bw) () » I[allnstancesc](, B) := dom(o) N 2(C) @)
o Ifw(expry, ..., expr,)](o,B) := I(w)(I[expr,] (o, B),. .. I[expr,] (o, B))@

&) o T x + allbstmcs o2 [ (5, 4)=29
. fLs&f‘,,,]S(O:. 'f) = /3(,1[%) =;‘-¢1 @L( T + (%, ﬂx(“’”“s’(”;’:'»i&,,g) ) /5)

e TL<3 (o, ) = Al)= 2> &) ﬂH(EEi?% po5x1(1.,0) )

T kst 1o, 4f2 don ] nOLF) 2 T(&, T(TT 36, )

() -
= %, i 3er, Saod n E ke, 52 130S) = TR, IO (£, 50) )

~—— L E(A,2) =29,

(xﬂ 16/36


westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift

westphal
Bleistift


(v) Putting It All Together...
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expr :=w | w(expry,...,expr,) | alllnstancesc | v(expry) | r1(expry)

| 7o (expry) | expri—>iterate(vy : Ty ; vy 1 Ty = expry | exprs)

Assume expry : ¢ for some C € €. Set uy := [[expr{](o,B) € P(7¢).
NN

o Iv(eapr))](o,5) =

¢aX
v:T,
TET”

{(G(dq))(v), il u,e dom ()

. i , othwenSe
T

17/36
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Example A= sl w, P P, S "BCF, 4k ’(c,»}

& = ({Bool, Nat},{VM,CP,DD},
{cp: CP«,dd : DDy, 1, wen : Bool, win : Nat},
{VM — {cp,dd}, CP — {wen}, DD — {win, wen})

SR
OLDENBURG
[EE =

:

kI

AW

o1 = {M — {dd = {1pp}, cp — {3pp,5pp}},  lpp — {win — 13, wen H@},
.:jgf — {wen — w:tﬂa}, 5)\9‘5 — {wen H%}}

Assume expr, : T¢ for some C € €. Set uy := I[expr,](o,B) € Z(1¢).

1 , otherwise

o I[v(eapry)](o: 8) = {0<U1><v> if u1 € dom(o)

CRps

o =1L weu(;@;):ﬁ (s;,ﬂ] :(g'(‘,q)\(w) -4
WI[.&(U, l(o;“ﬁ) < 3(0 alive. !

°r£w¢n (3)3(17, ﬁ) = [
L£Cyl (s At wof abin !

18/36
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(v) Putting It All Together...
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expr :=w | w(expry,...,expr,) | alllnstancesc | v(expry) | r1(expry)

| 7o (expry) | expri—>iterate(vy : Ty ; vy 1 Ty = expry | exprs)

Assume expry : ¢ for some C € €. Set uy := [[expr{](o,B) € P(7¢).

o(ui)(v) ,if u; € dom(o)
1 - otherwise

o Ifv(expry)|(o, B) := {

i " d [U") amd 0_[‘44)(,, :{
o 11 (ezpr )]0, B) { ‘o ¥ wede )= fu
: Doy

o I[ra(epry)](o,B) =
0 P

c(wlls), & viedomss)
L , o

Recall: o evaluates ro of type C, to a set.

19/36
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(v) Putting It All Together...

expr :=w | w(expry,...,expr,) | alllnstancesc | v(expry) | r1(expry)

| 7o (expry) | expri—>iterate(vy : Ty ; vy 1 Ty = expry | exprs)

(""Cz cif IILexp/,,ﬂ(s,/g) Tl

— 4 — 2015-11-03 — Soclsem —

o I[expr;—>iterate(vi : 71 ; vz : T2 = gxpry | exprs)](o, B)

_ exprs|(a. B if I[[ea:p'rl]]ga, B)=10

iterate(hlp, v1,v2, expry, o, ') , otherwise
==

where 3! = B[hlp — I[expr ] (o, B),v2 = I[expr,](o, B)] and

¢ W(hlp, v1, V2, €IPT3, 0, 5/)

= {Iﬂwpr?’ﬂ(a’ B'[vr = a]) , if B (hlp) = {=z}
Iexprs](o, B7)  if B'(hlp) = X U {z} and X # 0

where 8" = '[v1 — x,v2 — sterate(hip, v1,v2, exprs, o, 5 [hlp — X])]

Quiz: Is (our) I a function?
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g )

Example =

g

— —

& = ({Bool, Nat},{VM,CP,DD}, =
{cp: CP«,dd : DDy, 1, wen : Bool, win : Nat}, | |

{VM — {cp,dd}, CP — {wen}, DD — {win, wen}) L R )

o1 ={7Tvm — {dd — {lpp}, cp = {3pp,5pp}t}, 1lpp — {win — 13, wen — true},
3cp — {wen — true}, bcop — {wen — false}}

op( = context DD inv : wen implies win > 0

Immumm->pM(s&y&;rm | s ( He (wlf,), ’(“""”/“kﬂ"o\\}(@,ﬁ}
M(v"—; vell = e | repdé and  —- —-)

=t
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M E )

Another Example =

g

— —

& = ({Bool, Nat},{VM,CP,DD}, =
{cp: CP«,dd : DDy, 1, wen : Bool, win : Nat}, | |

{VM — {cp,dd}, CP — {wen}, DD — {win, wen}) L R )

o1 ={7vm — {dd — {1pp},cp — {3pp,5pD}}, 1pDD — {wWin — 13, wen > true},
N N~
3cp — {wen — true}, bcop — {wen — false}}

:Lu; Cawlek{, /7 Vg cp;\ﬁ(ﬂ//(c_/ wen (¢) = e )
oo p>fl (! W‘*(‘)H&A'-/\M«;,ﬁ) = bl
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