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Last Lecture:

• Symbolic Büchi Automata

• Language of a UML Model

• Cuts

This Lecture:

• Educational Objectives: Capabilities for following tasks/questions.

• How is the semantics of LSCs constructed?

• What is a cut, fired-set, etc.?

• Construct the TBA for this LSC.

• Give one example which (non-)trivially satisfies this LSC.

• Content:

• Cut Examples, Firedset

• Automaton construction

• Transition annotations

• Forbidden scenarios
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UML

M
o
d
e
l

In
s
t
a
n
c
e
s

N

S

W E

CD, SM

S = (T,C, V, atr ), SM

M = (ΣD
S
, AS ,→SM )

ϕ ∈ OCL

expr

CD, SD

S ,SD

B = (QSD , q0, AS ,→SD , FSD)

π = (σ0, ε0)
(cons0,Snd0)
−−−−−−−−→

u0

(σ1, ε1)· · · wπ = ((σi, consi,Snd i))i∈N

G = (N,E, f) Mathematics

OD UML

✔ ✔

✔ ✔

✔

✘

✔

✘

✘✔

✔

✔

✔

✔

Plan:

• Given an LSC L with body

(I, (L,�),∼,S ,Msg,Cond, LocInv),

• construct a TBA BL, and

• define language L(L) of L in terms of L(BL),

in particular taking activation condition and activation mode into account.

• Then M |= L (universal) if and only if L(M) ⊆ L(L).

And M |= L (existential) if and only if L(M) ∩ L(L) 6= ∅.
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Definition.

Let (I, (L,�),∼,S ,Msg,Cond, LocInv) be an LSC body.

A non-empty set ∅ 6= C ⊆ L is called a cut of the LSC body iff

• it is downward closed, i.e. ∀ l, l′ • l′ ∈ C ∧ l � l′ =⇒ l ∈ C,

• it is closed under simultaneity, i.e.

∀ l, l′ • l′ ∈ C ∧ l ∼ l′ =⇒ l ∈ C, and

• it comprises at least one location per instance line, i.e.

∀ i ∈ I ∃ l ∈ C • il = i.

A cut C is called hot, denoted by θ(C) = hot, if and only if at least one
of its maximal elements is hot, i.e. if

∃ l ∈ C • θ(l) = hot ∧ ∄ l′ ∈ C • l ≺ l′

Otherwise, C is called cold, denoted by θ(C) = cold.
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Cut Examples
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∅ 6= C ⊆ L — downward closed — simultaneity closed — at least one loc. per instance line

C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1
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∅ 6= C ⊆ L — downward closed — simultaneity closed — at least one loc. per instance line

C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1
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The partial order of (L ,�) and the simultaneity relation “∼” induce a direct

successor relation on cuts of L as follows:

Definition. Let C,C ′ ⊆ L bet cuts of an LSC body with locations
(L ,�) and messages Msg.

C ′ is called direct successor of C via fired-set F , denoted by C  F C ′,
if and only if

• F 6= ∅,

• C ′ \ C = F ,

• for each asynchronous (!) message reception in F , the corresponding sending
is already in C,

∀ (l, E, l′) ∈ Msg, l 6∼ l′ : l′ ∈ F =⇒ l ∈ C, and

• locations in F , that lie on the same instance line, are pairwise unordered, i.e.

∀ l, l′ ∈ F : l 6= l′ ∧ il = il′ =⇒ l 6� l′ ∧ l′ 6� l
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C  F C ′ if and only if

• F 6= ∅,

• C ′ \ C = F ,

• ∀ (l, E, l′) ∈ Msg, l 6∼ l′ : l′ ∈ F =⇒ l ∈ C, and

• ∀ l, l′ ∈ F : l 6= l′ ∧ il = il′ =⇒ l 6� l′ ∧ l′ 6� l

• Note: F is closed under simultaneity.

• Note: locations in F are direct �-successors of locations in C, i.e.

∀ l′ ∈ F ∃ l ∈ C : l ≺ l′ ∧ ∄ l′′ ∈ C : l′ ≺ l′′ ≺ l
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C ∩ F = ∅ — C ∪ F is a cut — only direct ≺-successors — same instance line on front
pairwise unordered — sending of asynchronous reception already in

C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1
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C ∩ F = ∅ — C ∪ F is a cut — only direct ≺-successors — same instance line on front
pairwise unordered — sending of asynchronous reception already in

C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1
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C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1

q1

q2

q3

q4

q5 q6

q7

¬E!
x,y

E!
x,y

¬E?
x,y

E?
x,y ∧ ϕ

F !
y,x

F !
y,x

¬(F ?
y,z ∨G?!

y,x)G?!
y,x ∧ ¬F ?

y,z

F ?
y,z ∧ ¬G?!

y,x¬F ?
y,z

F ?
y,z

¬G?!
y,x

G?!
y,x

G?!
y,x ∧ F ?

y,z

true

E?
x,y ∧ ¬ϕ

The TBA BL of LSC L over Φ and E is (ExprB(X),X,Q, qini ,→, QF ) with

• Q is the set of cuts of L, qini is the instance heads cut,

• ExprB(X) = ExprS (E , X) (for considered signature S ),

• → consists of loops, progress transitions (by  F ), and legal exits (cold cond./local inv.),

• QF = {C ∈ Q | Θ(C) = cold ∨ C = L } is the set of cold cuts and the maximal cut.

westphal
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Recall: The TBA B(L) of LSC L is (ExprB(X), X,Q, qini ,→,QF ) with

• Q is the set of cuts of L, qini is the instance heads cut,

• ExprB(X) = ExprS (E , X) (for considered signature S ),

• → ⊆ Q× ExprS (E , X)×Q consists of

loops, progress transitions (by  F ), and legal exits (cold conditions / cold local invariants),

• F = {C ∈ Q | Θ(C) = cold ∨ C = L } is the set of cold cuts.

So in the following, we “only” need to construct the transitions’ labels:

→= {(q, expr loop(q), q) | q ∈ Q}∪{(q, exprprog (q, q
′), q′) | q  F q′}∪{(q, exprexit (q),L ) | q ∈ Q}

q

. . .

L

expr loop(q): “what

allows us to stay

at cut q”

“. . .F1”

exprprog (q, q
′):

“characterisation

of firedset Fn”

exprexit (q):
“what allows us to

legally exit”

true

: C1 : C2

x > 3

: C3

A

B C

D
E

v = 0

westphal
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So in the following, we “only” need to construct the transitions’ labels:

→= {(q, expr loop(q), q) | q ∈ Q}∪{(q, exprprog (q, q
′), q′) | q  F q′}∪{(q, exprexit (q),L ) | q ∈ Q}

q

q1 . . . qn

expr loop(q) =

=:exprhotloop(q)

︷ ︸︸ ︷

exprMsg(q) ∧ exprLocInvhot (q)∧exprLocInvcold (q)

exprexit (q) =
(
exprhot

loop
(q) ∧ ¬exprLocInvcold (q)

)

∨
∨

1≤i≤n exprhotprog (q, qi) ∧

(
¬exprLocInv,•cold (q, qi) ∨

¬exprCondcold (q, qi)
)

exprprog (q, qn) =

exprhotprog (q, qn) ∧ exprCondcold (q, qn) ∧

expr
LocInv,•
cold (q, qn)

exprhotprog (q, qn) = exprMsg(q, qn)

∧ exprCondhot (q, qn) ∧ expr
LocInv,•
hot (q, qn)

true

: C1 : C2

x > 3

: C3

A

B C

D
E

v = 0

westphal
Bleistift



Loop Condition
–
1
9
–
2
0
1
6
-0
2
-0
2
–
S
ls
cs
em

–

14/28

expr loop(q) = exprMsg(q) ∧ exprLocInvhot (q) ∧ exprLocInvcold (q)

• exprMsg(q) = ¬
∨

1≤i≤n
exprMsg(q, qi) ∧

(

strict =⇒
∧

expr∈E!?∩Msg(L ) ¬expr
)

• exprLocInvθ (q) =
∧

ℓ=(l,ι,φ,l′,ι′)∈LocInv, Θ(ℓ)=θ, ℓ active at q φ

A location l is called front location of cut C if and only if ∄ l′ ∈ L • l ≺ l′.

Local invariant (l0, ι0, φ, l1, ι1) is active at cut (!) q if and only if l0 � l � l1 for some
front location l of cut (!) q.

• Msg(F ) = {E!
il,il′

| (l, E, l′) ∈ Msg, l ∈ F} ∪ {E?
il,il′

| (l, E, l′) ∈ Msg, l′ ∈ F}

• Msg(F1, . . . , Fn) =
⋃

1≤i≤n
Msg(Fi)

: C1 : C2

x > 3

: C3

A

B C

D
E

v = 0
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exprhotprog (q, qi) = exprMsg(q, qn) ∧ exprCondhot (q, qn) ∧ expr
LocInv,•
hot (qn)

• exprMsg(q, qi) =
∧

expr∈Msg(qi\q)
expr ∧

∧

j 6=i

∧

expr∈(Msg(qj\q)\Msg(qi\q))
¬expr

∧
(

strict =⇒
∧

expr∈(E!?∩Msg(L ))\Msg(Fi)
¬expr

)

• exprCondθ (q, qi) =
∧

γ=(L,φ)∈Cond, Θ(γ)=θ, L∩(qi\q) 6=∅ φ

• expr
LocInv,•
θ (q, qi) =

∧

λ=(l,ι,φ,l′,ι′)∈LocInv, Θ(λ)=θ, λ •-active at qi
φ

Local invariant (l0, ι0, φ, l1, ι1) is •-active at q if and only if

• l0 ≺ l ≺ l1, or

• l = l0 ∧ ι0 = •, or

• l = l1 ∧ ι1 = •

for some front location l of cut (!) q.

: C1 : C2

x > 3

: C3

A

B C

D
E

v = 0
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q1

q2

q3

q4

q5 q6

q7 true

C1 C2

ϕ

C3

E

F

G

l1,0

l1,1

l1,2

l2,0

l2,1

l2,2

l2,3

l3,0

l3,1
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A full LSC L = ((I, (L,�),∼,S ,Msg,Cond, LocInv), ac0, am,ΘL) consist of

• body (I, (L,�),∼,S ,Msg,Cond, LocInv),

• activation condition ac0 : Bool ∈ ExprS , strictness flag strict (otherwise called
permissive)

• activation mode am ∈ {initial, invariant},

• chart mode existential (ΘL = cold) or universal (ΘL = hot).

Concrete syntax:

LSC: L1

AC: c1
AM: initial I: permissive

C1 C2 C3

E

F

G

westphal
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A full LSC L = ((I, (L,�),∼,S ,Msg,Cond, LocInv), ac0, am,ΘL) consist of

• body (I, (L,�),∼,S ,Msg,Cond, LocInv),

• activation condition ac0 : Bool ∈ ExprS , strictness flag strict (otherwise called
permissive)

• activation mode am ∈ {initial, invariant},

• chart mode existential (ΘL = cold) or universal (ΘL = hot).

A set of words W ⊆ (ΣD
S × Ã)ω is accepted by L if and only if

ΘL am = initial am = invariant

co
ld

∃w ∈ W ∃β • w0 |=β ac ∧

w0 |=β exprCond
hot (∅, C0) ∧ w/1 ∈ L(B(L))

∃w ∈ W ∃β ∃ k ∈ N0 • w
k |=β ac ∧

wk |=β exprCondhot (∅, C0)∧w/k+1 ∈ L(B(L))

h
o
t ∀w ∈ W ∀β • w0 |=β ac =⇒

w0 |=β exprCond
hot (∅, C0) ∧ w/1 ∈ L(B(L))

∀w ∈ W ∀β ∀ k ∈ N0 • w
k |=β ac =⇒

wk |=β exprCondhot (∅, C0)∧w/k+1 ∈ L(B(L))

where ac = ac0 ∧ exprCondcold (∅, C0) ∧ exprMsg(∅, C0); C0 is the minimal (or instance heads) cut.
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LSC: L1

AC: c1
AM: initial I: permissive

C1 C2 C3

E

F

G
LSC: L1

AC:
AM: initial I: permissive

C1 C2 C3

E

F

G

c1

westphal
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LSC: buy softdrink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

westphal
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LSC: get change
AC: true

AM: invariant I: permissive

User Vend. Ma.

C50

E1

SOFT

SOFT

chg-C50
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LSC: only one drink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

SOFT
¬C50 ! ∧ ¬E1 !

false

A full LSC L = (PC ,MC , ac0, am,ΘL) actually consist of

• pre-chart PC = (IP , (LP ,�P ),∼P ,S ,MsgP ,CondP , LocInvP ) (possibly empty),

• main-chart MC = (IM , (LM ,�M ),∼M ,S ,MsgM ,CondM , LocInvM ) (non-empty),

• activation condition ac0 : Bool ∈ ExprS , strictness flag strict (otherwise called
permissive)

• activation mode am ∈ {initial, invariant},

• chart mode existential (ΘL = cold) or universal (ΘL = hot).
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LSC: only one drink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

SOFT
¬C50 ! ∧ ¬E1 !

false

ΘL am = initial am = invariant

co
ld

∃w ∈ W ∃β ∃m ∈ N0 • w0 |=β ac

∧ w0 |=β exprCondhot (∅, CP
0 )

∧ w/1, . . . , w/m ∈ L(B(PC ))

∧ wm+1 |=β exprCondhot (∅, CM
0 )

∧ w/m+ 1 ∈ L(B(MC ))

∃w ∈ W ∃β ∃ k < m ∈ N0 • wk |=β ac

∧ wk |=β exprCondhot (∅, CP
0 )

∧ w/k + 1, . . . , w/m ∈ L(B(PC ))

∧ wm+1 |=β exprCondhot (∅, CM
0 )

∧ w/m+ 1 ∈ L(B(MC ))

h
ot

∀w ∈ W ∀β • w0 |=β ac

∧ w0 |=β exprCondhot (∅, CP
0 )

∧ w/1, . . . , w/m ∈ L(B(PC ))

∧ wm+1 |=β exprCondcold (∅, CM
0 )

=⇒ wm+1 |=β exprCondcold (∅, CM
0 )

∧ w/m+ 1 ∈ L(B(MC ))

∀w ∈ W ∀β ∀ k ≤ m ∈ N0 • wk |=β ac

∧ wk |=β exprCondhot (∅, CP
0 )

∧ w/k + 1, . . . , w/m ∈ L(B(PC ))

∧ wm+1 |=β exprCondcold (∅, CM
0 )

=⇒ wm+1 |=β exprCondcold (∅, CM
0 )

∧ w/m+ 1 ∈ L(B(MC ))
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LSC: buy water
AC: true

AM: invariant I: strict

User CoinValidator ChoicePanel Dispenser

C50

WATER

water in stock

dWATER

OK
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LSC: buy water
AC: true

AM: invariant I: strict

User CoinValidator ChoicePanel Dispenser

C50

WATER

¬(C50 ! ∨ E1 ! ∨ SOFT !

∨ TEA! ∨ FILLUP !

water in stock

dWATER

OK
¬(dSoft ! ∨ dTEA!)
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LSC: only one drink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

SOFT
¬C50 ! ∧ ¬E1 !

false
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Bleistift



Note: Scenarios and Acceptance Test
–
1
9
–
2
0
1
6
-0
2
-0
2
–
S
p
re
ch

ar
t
–

26/28

LSC: buy softdrink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

LSC: get change
AC: true

AM: invariant I: permissive

User Vend. Ma.

C50

E1

SOFT

SOFT

chg-C50

LSC: only one drink
AC: true

AM: invariant I: permissive

User Vend. Ma.

E1

SOFT

SOFT

SOFT
¬C50 ! ∧ ¬E1 !

false

• Existential LSCs∗ may hint at test-cases for the acceptance test!

(∗: as well as (positive) scenarios in general, like use-cases)

• Universal LSCs (and negative/anti-scenarios) in general need exhaustive analysis!

(Because they require that the software never ever exhibits the unwanted behaviour.)
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