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Excursion: Biichi Automata
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From Finite Automata to Symbolic Biichi Automata
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Symbolic Biichi Automata
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Definition. A Symbolic Biichi Automaton (TBA) is a tuple

B = (Exprz(X), X, Q, qini, —, QF)

where

X is a set of logical variables,

Ezxprz(X) is a set of Boolean expressions over X,
Q is a finite set of states,

qini € @ is the initial state,

— C Q x Ezprg(X) x @ is the transition relation. Transitions (g, 1, ¢") from ¢ to ¢’
are labelled with an expression ¢ € Ezprz(X).

Qr C Q is the set of fair (or accepting) states.
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Word
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Definition. Let X be a set of logical variables and let Fxpr; (X ) be a set of Boolean
expressions over X.

Aset (X, - . -)is called an alphabet for Fxpr;(X) if and only if

foreacho € X,
for each expression expr € FExpry, and

for each valuation 8 : X — 2(X) of logical variables,

either o =g expr or o |£s expr.

(o satisfies (or does not satisfy) expr under valuation j3)

An infinite sequence

over (X, - =. ) is called word (for Exzprz(X)).
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Run of TBA over Word
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Definition. Let B = (Fxprgz(X), X, Q, ¢ini, —, QFr) be a TBA and
w=01,02,03,...

a word for Expr;(X). An infinite sequence

0=4o0,q1,42,-.- € Q"
is called run of B over w under valuation 8 : X — Z(X) if and only if

e foreach: € INg there is a transition

(Q’i7 w% Q’i-l-l) c—
such that o; |:,3 Y;.

Bsym. — ({z} = IN)

even(:c) even(m)

Example:

odd(x) odd(a:)
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The Language of a TBA
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Definition.
We say TBA B = (Exzprz(X), X, Q, ¢ini, —, Q) accepts the word

w = (04)ien, € (Fzprz — B)*

if and only ifun
v 0 = (qi)ien,

over w such that fair (or accepting) states are visited infinitely often by p,
i.e., such that

Vie Nodj >1:q; € QF.

We call the set L(B) C (Ezpriz — B)“ of words that are accepted by B the
language of 5.
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TBA-based Semantics of LSCs N
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CD,SD

CD,SM © € OCL s
v (74 v W,
S =(7,6,V, atr), SM expr \/, SD
v (74
M= (2%,Ay,—sm) v B = (Qsp,q0,As,—sp, Fsp)
4
74
consg,Sndg
= , . Wy = ((g'i’ cons;, Sndi))iE]N
v "’ X
G =(N,E,f)
v
Plan: oD

(i) Givenan LSC .Z with body
((L,=,~),Z,Msg, Cond, Loclnv, G)),/

(ii) constructa TBA B, and vi
(iii) define language £(.Z) of .Z in terms of L(B),

in particular taking activation condition and activation mode into account.
(iv) define language £(M) of a UML model.

o Then M = Z (universal) if and only if L(M) C L(.Z).
And M = Z (existential) if and only if L(M) N L(Z) # 0.
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Language of UML Model
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The Language of a Model

g -
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Recall: AUML model M = (¥ 9, %4 , 0 %) and a structure & denote a set [ M] of (initial and
consecutive) computations of the form

a a a

(0'0,80) —O> (0'1,81) —1> (0'2,82) —2> . where

a; = (consi, Snd;, u;) € 278 x 2(Z(E) VLt Hx2(€) o g ().

7

~~

=:A

For the connection between models and interactions, we disregard the configuration of the
ether, and define as follows:

Definition. Let M = (¢ 2, .74 ,0 %) be a UML model and Z a structure. Then
LM) = {(04,us, cons;, Snd;) ey, € (E?p x A)¥ |

(consg,Sndg)

3 (€i)ieng : (00,€0) > (01,€1) - € [M]}

is the language of M.
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Example: Language of a Model
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(consg,Sndg)

LM) = {(0i,us, cons;, Snd;); e, |13 (€:)ien, : (00,€0)

> (01,€1) - € [M]}

CD: itsCo —
2 ; 0. itcCy_ : .
0,1 [ itsC's ; . c2: 0o | iteCy ,
Cy itsCy k: Int = Csy , ca:Ch B c3 : Cs
0,1 4 1
b _ /
/_ —

(cons,Snd) (consg,Sndg) (cons1,{(:E,c2)} ({:E},Snd2)
(( ) \_u,/-D 00,80) (;O 0 >W\_;C}/QD> (0‘2,52) . 2),

consz,{(:F,c consg,{(G(),c / :F},Sn
(0'3,83) ( 3 {(2 3)})> (0'4754) ( 4 {(2 () 1)})\/(0'5,55) ({ } d5)> (06,86) ..
c c c3
\ -7
\
| =
\/ K—'\"\/‘\\/

(S—f"‘umls"d),,.., (60,u01m01'sv"? (U (., (S, {¢€, Cz|3>/ CL&‘V»;’[\}’(«)

5. L )
@\ Tl 1o
O o =

/5
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Words over Signature

ng -

-20 - 2017-02-02 - Smodella

Definition. Let .¥ = (7, %, V, atr, &) be a signature and Z a structure of ..
A word over . and Z is an infinite sequence

(01, wi, consi, Sndi); e, € 22 x D(€) x 27(F) x 2Z(E) U +Hx2(9)

e The language £(M) of aUML model M = (¢ 9, S# , 0 D)
is a word over the signature . (4’%) induced by ¥ % and 2,
given structure 2.
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Satisfaction of Signal and Attribute Expressions
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o Let(o,u,cons,Snd) € E?ﬂ x A be atuple
consisting of system state, object identity, consume set, and send set.

o Let5: X — Z(%) be avaluation of the logical variables.

Then

' x
o (o,u,cons,Snd) =g true f

o (o,u,cons,Snd) =g ¢ ifandonly if I[¢](c,8) =1

x =3 301§

o (o,u, cons,Snd) =5 — if and only if not (o, cons, Snd) =5 ¢

o (o,u,cons,Snd) =g Y1 V2 ifandonly if (o, u, cons, Snd) =g 11 or (0, u, cons, Snd) =g 2
/E'(.JUA'I'\'{'&

° (o,u,cons, Snd) Fg E;’y ifandonly if 3(x) = uAJe € Z(E) e (e, B(y)) € Snd

o (J,u,’\c/\o/@f,Snd) =3 E;’y if and only ifﬁ(/y\l\f/@/\ consC/W\Z@ n Cons +4
Yms & an

Observation: we don't use all information from the computation@pafff’f?‘k@ )

We could, e.g., also keep track of event identities between send and receive.
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Example: Model Language and Signal / Attribute Expresions

CD: itsC —
2 : go0- itcCq_ K .
0,1 [ itsCs . c2: Co | iteCs :
Oy itsC k: Int o Cs c:Ch — T c3 : C3
4
0,1

(o Erm)
cons,Snd consqg,Snd cons1,{(:E,c :E},Snd
(0_ 5) ( ) N (0'0,50) ( ZO 0)\ e ) ( 1 {( 2)})\ (O' e ) ({ } 2)

’(0-17 1 ’ y €2 \_\f—/
cq C2

cons3,{(:F,c consg,{(G(),c
) ( 3,{( 3)})>( 4,64) (consa,{(G() 1)})>(

Cc2 Cc2

({:F},Snds)
(0-3783 ) c3

>(0‘6,€6) —

55¢5

o b={x—ci,y— c2,z2+—c3}

° (gg, uo, consg, Sndo) =3 M /
e (00, uo, conso, Sndo) = ©.k >0 (UOT L‘)ELL‘WPEJD)
* (o1, 1, consu, {( E/c;m |—;\E S

. (01,i:,ﬁéjnsl,{( . ) Bp,y >( (T is wot E)
s By

o Weset (04, c2, consa, {G(),c1}) E5 Ggi,g} A Gz,x? (triggered operation or method call).
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TBA over Signature
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Definition. A TBA

B = (Exprz(X), X, Q, qini, —, QF)

where Exprz(X) is the set of signal and attribute expressions Expr .. (&, X)
over signature . is called TBA over .7.
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TBA Construction Principle
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Recall: The TBA B(.Z) of LSC .Z is (Expriz(X), X, Q, qini, —, Q) with

Q is the set of cuts of ., q;,; is the instance heads cut,

Ezxpryg = @ &0 (X)A/_\W/ot%'(owfc e s

— consists of loops, progress transitions (from ~~ ), and legal exits (cold cond./local inv.),
F={C e€Q|O(C)=coldV C = L} is the set of cold cuts.

So in the following, we “only” need to construct the transitions labels:

—={(q, Y10op(2):2) | § € QY U {(q, ¥prog(a:4"),d") | a ~F ¢’} U{(q, ¥ewit(q), L) | g € Q}

wexit(Q)-' /

“what allows us to

legally exit”—~—~—_

allo

N

Yioop (q): “what

ws us to stay at

- cut q”

Vprog (¢, )
characterisation of

firedset F,,”

: Cq : Ca :C3

~— =N
v =
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Course Map
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CD, SM p € OCL , S
Gy v
(Z,€,V, atr), 7, 8D

o et

= (@Qsp,90,A»,—sp, Fsp)

<
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Live Sequence Charts — Full LSC Semantics
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Full LSCs
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AfullLSC Z = (((L,=X,~),Z,Msg, Cond, Loclnv, ©), aco, am, © ) consists of
e body ((L,=<,~),Z,Msg, Cond, Loclnv, ©®),

e activation condition aco € Expr o,

o strictness flag strict (if false, .Z is called permissive)

e activation mode am € {initial, invariant},

e chart mode existential (© ¢» = cold) or universal (© ¢» = hot).

Concrete syntax:

LSC. £

AC: aco

AM: initial I permissive

_________ |

|
| . Cl . Cg . 03 :
| I |
| | |
| | |
! F I [
S e o
I \_¢_ /> : :
| .
| F I |
| ] '
| |
: G |
' |
| |
| |
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Full LSCs

-20-2017-02-02 - Slscsem -

AfullLSC Z = (((L,=X,~),Z,Msg, Cond, Loclnv, ©), aco, am, © ) consists of

e body ((L,=<,~),Z,Msg, Cond, Loclnv, ©),
e activation condition aco € Expr o,

o strictness flag strict (if false, . is called permissive) B Al e |

e activation mode am ¢ {initial, invariant}, o Je 16 ]

o chart mode existential (© ¢» = cold) or universal (© ¢» = hot). A o
| <oy | |
| | :
| |

dadnd 0+ lothes < of w
O o am = initial am = invariant

3 }(gEIw cEWe wé Izﬁac A Y ezit (Co) E[Gw c W3k € Ng o wF )ﬁgac A Y ezit (Co)

Iy |

E A0 Etbpreg (B, Co) Aw/1 € LIBLL)), A wk Egbprog (0, Co) Aw/k +1 € LIB(L))

o ﬁVw e Wewd |:&ac A ezt (Co) \V%Vw EWVk € NgewF = ac A e (Co)

2 = w’ Ftprog (B, Co) Aw/1 € L(B(Z)) = wF =0, Co) Aw/k +1 € LIB(L))
N— N~

where Cj is the minimal (or instance heads) cut.

2036
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Full LSC Semantics: Example
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R
TS
t\/>(.3

manh —clox €
TR (cold )
AM: initial | permissive | p xSt #Q/ /
w: O y : Cy 2 :C3 S errNa

~(Fy2?V Gyol V Gy a?)
Fy.? A =Gyl NGy o7
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Note: Activation Condition
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Existential LSC Example: Buy A Softdrink
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LSC:  buy softdrink

AC: true

AM:  invariant |: permissive
|
| User Vend. Ma.
|
| El
| -
|
| pSOFT
| -
|
|
| - SOFT
|
|

HEE =

~ LIGOLDENBURG

L\_
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(EIEED

9¥NaN1a10

get change

true

LSC:
AC:

permissive

invariant |I:

AM:

Existential LSC Example: Get Change

Vend. Ma.
P
P
|

C'50
E1
pSOFT
SOFT
chg-C50

////4////4 AN
N\ N N\ N\ N N\ NN N NN NN\

User
V
V
V
V
v
V
V
v
V

24/36
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TBA-based Semantics of LSCs N
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CD,SM © € OCL CD,SD s
4 (74 v W,
S =(7,6,V, atr), SM expr <, 8D
v v X
M= (2%,Ay,—sm) v B = (Qsp,q0,As,—sp, Fsp)
4 ) 4
v
(conso,Sndo)
m = (00,€0) (01,€1) - wr = ((0y, cons;, Sndi))iE]N
v "’ X
G=(N,E,f)
v/
Plan: oD

(i) Givenan LSC .Z with body
((L,=,~),Z,Msg, Cond, Loclnv, ©),

(ii) constructa TBA B, and
(iii) define language £(.Z) of .Z in terms of L(B),

in particular taking activation condition and activation mode into account.
(iv) define language £(M) of a UML model.

o Then M = Z (universal) if and only if L(M) C L(.Z).
And M = Z (existential) if and only if L(M) N L(Z) # 0.
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Live Sequence Charts — Precharts
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Pre - Cha rtS LSC: buy water /
AC.  true®@—~ —  —|
AM: invariant I: stfict |
/
/ User CoinValidator cp :ChoicePanel ﬂ'Dispenser
// / C50 : : |
/ //\| I
/ v |
\ 7 |
[
A

AfullLSC .Z = (PC, MC, aco, am, 0 &)
pre-chart PC = ((Lp,=p,~p),Zp,.",Msgp,Condp, Locinvp, © p) (possibly empty),

p WA: TER
|

]

\ cp -> water_in_stock

A |

ANNNMNANNNANN

main-chart MC' = ((Lps, s ~m)s Zag, - Msga, Cond g, Loclnvys, © 37) (non-empty),

activation condition acq : Bool € Ezpr o,

strictness flag strict (otherwise called permissive)

activation mode am € {initial, invariant},

chart mode existential (© ¢+ = cold) or universal (© ¢» = hot).

consist of

27/36
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Pre-Charts Semantics rsc

buy water
AC: true
AM:  invariant [

-20 -2017-02-02 - Sprechart -

strict

/ User

CoinValidator

cp :ChoicePanel Dispenser \

/ /

I
/ /%J
: =]

N\\

]

I I \

|

|

| |
PWATER :
| A

\ cp -> water_in_stock

|
|
|
|
| /
|
|
|
|
|

ANNNMNANNNANN

am = initial

am = invariant

O 4 = cold

dweWdm &€ INg e
AP F a6 A et (CL) Atbprog (8, CF)
Awh, . w™ e L(B(PC))
A w™H | i (CA)
A WL = 100 (0, CAT)
ANw/m—+2 € L(B(MC))

dJweWdk<me&NNge
Aw" = aC/\_'wexit(O(f)/\wpmg(@’ O(])D)
AwFTE o w™ e L(B(PC))
A w™ = —theai (Co' )
A W™ g (0, Cp)
Nw/m+2¢e LB(MC))

O« = hot

Yw e WVm e INg e
A w” = aC/\_‘wexit(CéD)/\wpmg(@»CéD)
Awh, .. w™ € L(B(PC))
Aw™ T = e (CFF)
= W™ = g (0, C3T)
Nw/m+2¢e LB(MC))

VweWVEk<melNge
A = ae A et (CF) Abprog (8, CF)
AwFTL L w™ e L(B(PC))
A w™ = e (Co)
— W = prog (0, Co)
ANw/m+2¢e L(B(MC))
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Universal LSC: Example
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LSC:  buy water
AC: true

AM: invariant |:  strict

—_— - — e e =

HEE =

~ LI OLDENBURG

L\_

/ User

CoinValidator

cp :ChoicePanel

Dispenser

/ /
/ 50

\\\

|
PWATER
|

\/

I
|
|
I
|
A

\\ < cp -> water_in_stock
\

ek
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Universal LSC: Example

-20 -2017-02-02 - Sprechart -

LSC:  buy water
AC: true
AM: invariant |:  strict

\\ < cp -> water_in_stock
\

HEE =

~ LI OLDENBURG

L\_

~(C50! v E1!V pSOFT!
V pTEA!V pFILLUP!

ek
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Universal LSC: Example
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LSC:  buy water
AC: true

AM: invariant |:  strict

HEE =

~ LI OLDENBURG

L\_

\\ < cp -> water_in_stock >
\

~(C50! v E1!V pSOFT!
V pTEA!V pFILLUP!

ek

~(dSoft! v dTEA!)>
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Forbidden Scenario Example: Don’t Give Two Drinl

chart -
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OLDENBURG
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Forbidden Scenario Example: Don’t Give Two Drinl -

chart -

-20-2017-02-02 - Spre

2 @m
=
= =
LSC:  only one drink =2 =
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Note: Sequence Diagrams and (Acceptance) Test

k%:(:: get change IA%:C: only one drink
: true : true
AM:  invariant I: permissive AM:  invariant I permissive
N T\
I
User | | Vend. Ma. I User | | Vend. Ma.
I
buy softdrink C50 I E1l _
true o I o
invariant |:  permissive !
— El . : pSOFT .
User | | Vend. Ma. : |
|
E1 _ | pSOFT | . SOFT /
| I
| ! ~C50' A\ —E1!
pSOFT : SOFT | SOFT i
| : L
SOFT | o Chg-C50 | false
o L | 7 | | 7 i
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o Existential LSCs* may hint at test-cases for the acceptance test!

(x: as well as (positive) scenarios in general, like use-cases)
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Note: Sequence Diagrams and (Acceptance) Test
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IASCC lgfztgchange IA%:C ?rrl}ley one drink
AM:  invariant I: permissive . AM:  invariant I permissive L
User | | Vend. Ma. : User | | Vend. Ma. Y
buy softdrink cs0 | El _ Y
true | \
invariant |:  permissive I \
| E1l : pSOFT - \
User | | Vend. Ma. : o | o )
El . | pSOFT i . SOFT //
|
I - -
pSOFT i SOFT | SOFT
| | //
SOFT | o Chg-C50 | false
I L N I N R | 2 i
o Existential LSCs* may hint at test-cases for the acceptance test!
(x: as well as (positive) scenarios in general, like use-cases)
e Universal LSCs (and negative/anti-scenarios) in general need !
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Note: Sequence Diagrams and (Acceptance) Test
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LSC: getchange LSC:  only one drink
AC.  frue AC:.  true
AM:  invariant I: permissive L AM:  invariant I permissive
N —
I
: User | | Vend. Ma. | J User | | Vend. Ma. Y
I ! /
[SC.  buy softdrink | C50 | / El | N
AC: true | = | / > \
AM:  invariant |:  permissive e I : // \
| I : £l - | / pSOFT - \\
| User | | Vend. Ma. : | | \ )
! I \ /
! El N | I pSOFT | \ _____SOFT /
| | /
| ! | | !
I \ -C50' N —E1!
l pSOFT | . | SOFT | \ . SOFT I,-
| | [ | \ /)
I I
| SOFT | ! o Chg-C50 | false
o ___ L I I/ | 2 |

o Existential LSCs* may hint at test-cases for the acceptance test!

(x: as well as (positive) scenarios in general, like use-cases)

e Universal LSCs (and negative/anti-scenarios) in general need !

(Because they require that the software exhibits the unwanted behaviour.)
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CD,SM © € OCL CD,SD s
4 (74 v W,
S =(7,6,V, atr), SM expr <, 8D
v v X
M= (2%,Ay,—sm) v B = (Qsp,q0,As,—sp, Fsp)
4 ) 4
v
(conso,Sndo)
m = (00,€0) (01,€1) - wr = ((0y, cons;, Sndi))iE]N
v "’ X
G=(N,E,f)
v/
Plan: oD

(i) Givenan LSC .Z with body
((L,=,~),Z,Msg, Cond, Loclnv, ©),

(ii) constructa TBA B, and
(iii) define language £(.Z) of .Z in terms of L(B),

in particular taking activation condition and activation mode into account.
(iv) define language £(M) of a UML model.

o Then M = Z (universal) if and only if L(M) C L(.Z).
And M = Z (existential) if and only if L(M) N L(Z) # 0.
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Course Map
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CD,SM ¢ € OCL CD,SD S
‘}f/ \V{ v vy
(7,¢,V, atr), expr <, SD

o e

B = (Qsp,q0,Av,—sp, Fsp)

”z’:
(conso,Sndo)

m = (0'0,80) > 0-1 51 ‘f\/') Wr = O-’L Consl Snd ))ZEIN

vx/\,{\:& X
G=(N,E,f)
o

OD

A

= (227 Aya —SM

33/36



Tell Them What You’ve Told Them. . .
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The meaning of an LSC is defined using TBAs.

e Cuts become states of the automaton.
e Locations induce a partial order on cuts.

e Automaton-transitions and annotations
correspond to a successor relation on cuts.

e Annotations use signal / attribute expressions.

Bichi automata accept infinite words

o if there exists is a run over the word,
e which visits an accepting state infinitely often.

The language of a model is just a rewriting
of computations into words over an alphabet.

An LSC accepts a word (of a model) if

Existential: at least on word (of the model)
is accepted by the constructed TBA,

Universion: all words (of the model) are accepted.

Activation mode initial activates at system startup (only),

invariant with each satisfied activation condition (or pre-chart).
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