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... vs. Timed Automata

press?

timed automaton A induces
computation paths and runs such as

€= (0ff,0),0 - (off, 1),1
2 Glight,0),1 % (lght,3),4
2 bright, 3),4 — ..

Behaviour of A:
set of computation paths / runs.

3

symbol new: accepting state
(not action) (double outline)

\

Timed Biichi Automaton .4 accepts
timed words such as

(a,1),(b,2),(a,3), (b,4), (a,5), (b,6),...

Language of A:
set of accepted timed words.
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niversality problem

y claim
lea: 2-counter machines again

e construct observer for
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Timed Languages
Definition. A time sequence 7 = 71,72, . . . is an infinite sequence of time values
7; € Ry, satisfying the following constraints:
increases strictly monotonically, ie. 7; < 7i41 foralli > 1.
Progress: For every ¢ € Ry, there is some i > 1 such that ; > t.
Definition. A timed word over an alphabet X is a pair (o, 7) where
® 0 =01,02,--- € 5 isaninfinite word over %, and
« 7isatime sequence.
ion. A timed language over an alphabet 33 is a set of timed words over 3.
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Example: Timed Language

Timed word over alphabet 3 a pair (c, 7) where

* 0 =01,02,... isaninfinite word over %, and
« Tisatime sequence (strictly (1) monotonic, non-Zeno).

(oF g

/ Y = {a,b}

Lo ={((ab)",7) [ 31 € N*Vj > i (1) < 7j1 +2)}

%<2

A=
(s,8',a,1,0) € E

o= a b a b a b a b
3 rw 9 12 15 18 Gi-3 6 e
G \X
P K@W
3
Example: TBA
(2,S,5,X,E,F)

=] ??mfﬁ,@«\?ﬁ%. M
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Example: Timed Language

Timed word over alphabet 3: a pair (a, 7) where

« 0=01,0s,... is an infinite word over 5, and
« 7isa time sequence (strictly (1) monotonic, non-Zeno).

Y = {a,b}

Lot = {((ab)*,7) [ 3i € N*Vj > ¢ (my < 7y + 2}

)
o= a b a b|la b .. a b a
T i 5 e 21 T
6 B B[22 s rr w00 w2

(Accepting) TBA Runs

Definition. A run r, denoted by (s, 7), of a TBA (3, S, Sy, X, B, F)
over atimed word (o, 7) is an infinite sequence of the form

500 B 0 B 3
o) B () B ) 5

withs; € Sand v : X — Ry, satisfying the following requirements:

e

Timed Biichi Automata it sapl ! (ghon i i,

eloctc pr\\n&m )
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Definition. The set ®(X) of clock constraints over X is defined inductively by

du=x<clec<a|=6|6 Aba, wherez € X, c€ Q.

Definition.
Atimed Biichi automaton (TBA) Ais atuple (£, 5, So, X, E, F), where

« Nisanalphabet,

« Sisafinite set of states, Sy C S'is a set of start states,

* X isafinite set of clocks, and

o BEC S xS x%x2% x ®(X) gives the set of transitions.
An edge (s, s, a, \, §) represents a transition from state s to state s’ on input
symbola. The set A C X gives the clocks to be reset with this trar
is a clock constraint over X

&. F C Sisasetof accepting states.

(Accepting) TBA Runs

Definition. A run , denoted by (3, ), of a TBA (5, 5, 5o, X, E, F)
overatimed word (o, 7) is an infinite sequence of the form

7 {s0,00) o (s1,00) 2 (s2,0) 25
with s; € Sandv; : X — R, satisfying the following requirements:
« Initiation: sy € o and »(z) = O forallz € X.
» Consecution: foralli > 1, thereis (s;1. si, 7i, A, 6;) in E such that

o (Vic1 + (i — 7i1)) satisfies &, and
o b= Wios + (7 — 7)) = 0

e



(Accepting) TBA Runs

Definition. A run r, denoted by (5, 7). of a TBA (3, S, So, X, E, F/)
overa timed word (e, 7) is an infinite sequence of the form

va) 2.

7+ (s0,v0) 5 -

1) =
B

7

with s; € Sand v; : X — Ry, satisfying the following requirements:
= Initiation: sp € Spand v(z) = Oforallz € X.
« Consecution: foralli > 1, there s (s;—1, i, 01, A, ;) in E such that
o (vi-1+ (1 — 7i-1)) satisfies 6;, and
o v = (Vi1 + (1 — 7ic1))[Ni = 0]

The set inf(r) C S consists of those states s € S such that s = s; for in
many i > 0.

Definition. A run 7 = (3, 7) of a TBA over timed word (, 7)
is called (an) accepting (run) if and only if inf (r) N F* # 0.

Example: Language of a TBA

L(A) = {(,7) | Ahas an accepting run over (o, 7)}.

Claim: L(A) = Lo (= {((ab)*,7) | 3i¥j > i : (12 < maj_1 +2)})
o (0,7) € LA) = (0.7) € Lowt: L~

o (0,7) € Lo = (0.7) € L(A)

\

Question: Is L, timed regular or not? YZ=.S
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Example: (Accepting) Runs

5 (s0,40) T (s1,21) 2> (s2,2) > .. initialand (si—1, 56,06, Ai, 0) € B, st.
ey = =

(Wit + (1 = Tiz1)) = 8iy i = (Wie1 + (i — 1i—1))[Ai = 0]. Acceptingiff inf (r) N F # 0.

« Can we construct any run? ls it accepting?

€ K> T 05505 S, 00 nfle)=F53,5:8 n fesf o/
» Can we constructa non-run?

Mo Bur (e, (b%0), (0 ) QY

o> 25 65,00 f gt st
SR <5, 05 By &y 0 75 oy 0
» Can we construct a (non-)accepting run? N

L2560 5 o275 e3>

123

The Universality Problem is Undecidable for TBA

d Dill (1994)

The Language of a TBA AV

[OX=0)

Definition. Fora TBA A,
the language L(A) of timed we itaccepts is defined to be the set

{(o,7) | Ahas an accepting run over (o, 7)}.

For short: Esv«ymv_mﬂmcmmm of A.

o

&)

Definition. A timed language L is a timed regular language
if and only if L = L(A) for some TBA A.

The Universality Problem

Given: A TBA A over alphabet 3.
Question: Does A accept all timed words over ¥?
In other words: Is L(A) = {(o,7) | 0 € £, time sequence}.

Obvious examples exist: Let & = {a,b, c}, then

accepts all timed words over ¥.
In general not that obvious.

16736



The Universality Problem

« Given: ATBA A over alphabet 3.
© Question: Does A accept all timed words over ¥?
In other words: Is L(A) = {(0,7) | o € £,  time sequence}.

Theorem 5.2. The problem of deciding whether a timed automaton
over alphabet 3. accepts all timed words over ¥ is IT3-hard.

(“The class I1} consists of highly undecidable problems, including some nonarithmetical sets

ition of the analytical hierarchy consult, for instance [Rogers, 19671)

{foran exp

Recall: With classical (untimed) Biichi Automata, this is different:
T

 Let B bea Biichi Automaton over 3.
o Bis universal if and only if L(8) = 0.
o B'suchthat L(B') = T(B) is gffectively computable.

+ Language emptyness is decidable for Biichi Automata.

Step 1: Choose Alphabet

bn

© Given: Let M be a 2-counter machine with n instructions {b;, .

« Wanted: a Timed Blichi Automaton .A which accepts timed words
which do not encode a recurring computation of M.

Thatis, A should accept the complement of the set of timed words which do encode a

recurring computation of M.
« Choose alphabet = {by. ... b, a1, az}.

« A configuration
Q%& € {l,....n} x Ng x Ny
\

of M is represented by the létter sequence
C N
! by b by as...ag = bafad
s N
ctimes | dtimes

16136
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Proof Idea

‘non-recuring.
computations

x

recuring
computations

X

e 2-counter
machines encoding as timed word
(once again).

all computations of 11
—

words over
some &

Lundec.
encodingsof

= L(4) computatens

o Consider a language L. consisting of
the recurring computations of a 2-counter machine |

€onstruct a TBA A from M which accept

the complement of Luuice

o Then Ais universalif and only if L ... is empty...
and only if M doesn't have a recurring computation.

« Thus if universality of TBA would be decidable,

we had a decision procedure for recurrence of 2-counter machines.

Construction Idea

(o,7)isin Lungec iff:
o 0 =b; a5 ay biai?ay? ..., and by
« the prefix of o with times 0 < ¢ < 1

encodes configuration (1, 0,0), and

o the time of b,

is j, and

o Forallj € No,
Wﬁm%ﬂmﬂ 1,0 @
o if i1 = c;: for every a; at time t in the
interval [j, j + 1] thereisan ay at £ + 1,

bar

o ifeji1 = ¢j + 1: forevery a; at time ¢ in b
the interval [j + 1, j + 2], except for the last 13
! | except for the las
one, thereisan a; attime ¢ — 1, ay
o ifejp1 = ¢j — 1: forevery a; at time ¢ in a
theinterval [, j + 1], except for the last one, by2,05 @
thereisan a; attime + 1,
and analogously for the a5, and b2
o (i, e1,d), (iz,c2,d2), -
is a recurring computation of M,
thus by_occurs infinitely often.

1 time unit

173
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Once Again: Two Counter Machines (Different Flavour)

A two-counter machine M/

« has two counters C', D and

« afinite program consisting of n instructions {b;,

b}

An instruction increments or decrements one of the counters,

or jumps, here even non-determ

ally.

A configuration of M is a triple (i, c.d) € {1,....n} x No x Ny

o program counteri € {1,...,n},
o values ¢, d € INo of counters C'and D.

A computation of M is an infinite, initial, consecutive sequence

(1,0,0) = (io, co, do), (i1, ¢1,dv), (iz, c2,d2)

o (io,co,do) = (1,0,0),

.. where

o (ij+1,¢i41,d;41) is aresult executing instruction b, at (i;, ¢;, d;) forall j € No.

A computation of

Construction Idea

(0,7)isin Lungec iff:

- <1 d1 c2 dy
o o =baf'al byatal .. and

« the prefix of o with times 0 < ¢ < 1
encodes configuration (1,0, 0), and

the time of b;, is j, and

Forallj € No,
« thetime of by, is j

o ifcjp1 = c;: for every ay at time t in the
interval [j, j + 1] thereisan a at ¢ + 1,

o ifejp1 = ¢; + 1: for every a; at time ¢ in
theinterval [j + 1, + 2], except for the last
one, thereisan a; attime t — 1,

o ifcj41 = ¢; — 1: for every a; at time ¢ in
theinterval [j, j + 1], except for the last one,
thereisan a; attime ¢ + 1,

and analogously for the a»'s, and

(i1, cr,dr), iz, 2, da),

arecurring computation of M,

thus b, occur: itely often.

is called recurring iff i; = 1 for infinitely many j € Ny

(o, 7)is notin Lupdec
(ie. (0,7) € Lunacc) iff:

the prefix of o with times 0 < ¢ < 1
doesn't encode (1,0,0),

or

aspurious b; attime ¢ €5, j + 1[, or

the configuration encoded in
U+17+2]

doesn't faithfully represent the effect

of instruction by, on the configuration

encodedin [j, j + 1,

,or

(iv) the timed word is not recurring,
has only finitely many b;.

2073



Step 2: Construct “Observer” for Lyygec

Wanted: A TBA A such that

L(A) = Lundee,

i.e., Aaccepts a timed word (o, 7) ifand only if (¢, 7) & Lundec-

Plan: Constructa TBA

o A for case
[missing b; at time jj, or spurious b;],
o A for case (i)
initial configuration not encoded],
o Apecur for case (iv)
[not recurring], and
o A, for each instruction b; for case (i
[instruction effect not encoded].

Then set

A= AU Ainiy U Areer U | A

Step 2.(iv): Construct Ay eeur

iv) The timed word is not recur

ig. i.e. it has only finitely many by.

© Aqecur accepts words with only

tely many by.

2473

Step 2.(ii): Construct Ay

The b; at time j € IN is missing, or there is a spurious b; at time €], j + 1[.

Alur and Dill (1994

Itis easy to construct such a timed automaton.”

Step 2.(iii): Construct A;

(iii) The configuration encoded in [j + 1, j + 2 doesn't faithfully represent the effect of
instruction b; on the configuration encoded in [4, j + 1.

Example: assume instruction 7

Increment counter D and jump non-deterministically to instruction 3 or 5.

Once again: stepwise. A7 is ALU - -- U AZ.

» A} accepts words with b7 at time j but neither b3 nor bs at time j + 1.
“Easy to construct’

» A? accepts words which encode unexpected change of counter C'.

o A2

, A accept words with missing increment of D.

Step 2.(i): Construct A

(i) The prefix of the timed word with times 0 < ¢ < 1 doesn't encode (1,0,0).

© Itaccepts

{(o5.7)jem, | (00 # b1) V (10 # 0) V (m1 # 1)}

=0

=0 * ‘

223 2373

Content

« Timed Bichi Automata

« vs. Pure/Extended Timed Automata

(o timed word, timed language

« accepting TBA runs

o language of a TBA

The Universality Problem of TBA

n: universality problem

« proof idea: 2-counter machines again

(e construct observer for
non-recurring computations

Consequences
o the language inclusion problem
o the complementation problem

« Beyond Timed Regular

25 . 2673



Consequences: Language Inclusion

« Given: Two TBAs A; and A; over alphabet B.
* Question: Is £(A;) C £(A2)?

Possible applications of a decision procedure:

Consequences: Complementation

Aha, And...?
o Characterise the allowed behaviour as .A; and model design behaviour as A;.
» Automatically decide £(A;) C L(Ay), thatis,
whether the behaviour of the design is a subset of the allowed behaviour.
o If yes, design is correct wrt. requirement.
« If language inclusion was decidable, then we could use it to de
Aby checking
L(Auniv) € L(A)
where A.,,;, is any universal TBA (which is easy to construct).
27736 . 283
Consequences: Complementation Content
« Given: A timed regular language W over B o Timed Biichi Automata
(that is, there is a TBA A such that £(.A) = W). @ vs. Pure/Extended Timed Automata
« Question: Is TV timed regular? @ timed word, timed language
» accepting TBA runs
o language of a TBA
« If the class of timed ._‘mmz_..w.- languages were n_c.mmm under noiv_m:‘m.znw:o? mrm « The Universality Problem of TBA
complement of the inclusion problem is recursively enumerable. This contradicts 8 §
the IT{-hardness of the inclusion problem.” Alur and Dill (1994) to definition: universality problem
(o undecidability claim
A non-complementable TBA A: . .
(o proof idea: 2-counter machines again
(e construct observer for
non-recurring computations
r=1
L) = {(0”, (t)ieme) | 3 € No 35> 12 (t; = ti + 1)} Consequences
o the language inclusion problem
Complement language: « the complementation problem
Z(A) = {(a*, (t:)icw,) | no two a are separated by distance 1}. « Beyond Timed Regular
293 3073

» Given: A timed regular language W over B
(that i, there is a TBA A such that £(A) = W),
» Question: Is TV timed regular?

Possible applications of a decision procedure:
o Characterise the allowed behaviour as A and model design behaviour as A4;.
« Automatically construct A3 with L(As3) = L(A2) and check
L(A) N L(As) = 0,
that is, whether the design has any non-allowed behaviour.
« Taking for granted that:
« Thei i is effectively

« The emptyness problem for Biichi automata is decidable.
(Proof by construction of region automaton Alur and Dill (1994))

29536

Beyond Timed Regular
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Beyond Timed Regular Content Tell Them What You've Told Them. ..

Timed Biichi Automata « Timed Biichi Automata accept timed words,
Pure / Extended Timed Automata
“produce” computation paths.

With clock constraints of the form
« vs. Pure/Extended Timed Automata
o timed word, timed language

we can describe timed languages which are not timed regular. « accepting TBA runs * Different views on the same phenomenon
o language of aTBA

In other words:  Aset of timed words L is called timed regular
The Universality Problem of TBA if there exists a TBA whose language is L.

zt+y<a+y

» There are strictly more timed languages than timed regular languages.
« There exists timed languages L such that there exists no A with L(A) = L. o definition: universality problem « Decidability results for Timed Biichi Automata

e undecidability claim

» Emptyness: decidable (region construction)

Example:
. idable (2-counter automata)

« proof idea: 2-counter machines again

—_—

e construct observer for

3 non-recurring computations o Language Inclusion: undecidable (universality)

o C i idable (non-complable TBA)

Consequences « Beyond Timed Regular

« the language inclusion problem ) ° X
« with more expressive clock constraints,

« the complementation problem —
« automata can accept non-timed regular languages.

{((abe)”,7) [ V. (7s; — Taj-1) = 2(73j-1 — 73-2)}

Beyond Timed Regular

g 323 d 3373 g
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