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Duration Calculus: Preview .

flame sensor
e Duration Calculus is an interval logic. b e
o Formulae are evaluated in an intion

(implicitly given) interval.
o« G,F,I,H:{0,1}
ES T o Define L : {0,1}as G A —F.

Strangest operators: i

o almost everywhere — Example: |G|

(Holds in a given interval [b, €] iff the gas valve is open almost everyvxfhere.) ‘ '
, |

o chop/—’Example: ([=I];[1];[~I]) = ¢>1 I;/f "- I
T

(Ignition phases last at least one time unit.) -LT, T NE

A
e integral — Example: / > 60 = [L < 2‘40 & 024

(At most 5% leakage time within intervals of at least 60 time units.)

2731
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Duration Calculus: Syntax Overview
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Duration Calculus: Overview
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We will introduce four syntactical categories (and abbreviations):

(i) Symbols:

true , false,

(i) State Assertions:
:O|1|X:d|_|P1|P1/\P2

(iii) Terms:
Ox=a|L|[P]f(br,...,

(iv) Formulae: \
L— 91,... ‘—lFl‘Fl/\FQ‘\V/.TOF1|F1 FQ)

(v) Abbreviations:

0n)

1, [P], [P1', [P1®', OF, OF
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Duration Calculus: Symbols

7/39



Symbols: Predicate Symbols
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p,q

Z\
r N\

true?fa’lse7 :7<7>7< Z Y f7g7 X7Y7 Z7 d? x?:y? Z?

—

e We assume a set of predicate symbols to be given, typical elements p, q.

o Each predicate symbol p has an arity n € INyp;  shorthand notation: p/n.
o A predicate symbol p/n is called a constant if and only if n = 0.

e In the following, we assume the following predicate symbols:

e constants: true, false. e binary(ie.n=2):. = < >, < >.

o Semantical domains: truth values B = {tt, ff}, and real numbers R.

o The semantics of an n-ary predicate symbol p
is a function from R" to B, denoted p, i.e. p : R™ — B.

o For constants (arity n = 0) we have p € B.
e Examples:

o true = tt, faAlse = ff,

o =:RxR—B, =(ab) =ttiffa=0b =(a,b)=ffiffa b
(3,17) =ff, =(2,2) = tt.

1> 1]

Syntax

Semantics

(meaning)
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Once Again: Syntax vs. Semantics
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o Predicate symbols are principally freely chosen, we could also consider the
following ones:

° @/1 // 74
° %/3 DCE Yuabs! [ Sy X
-

o To semantically work with a predicate symbol, we need to define a meaning.
One possible choice:

A

o O:R— B

O(a) = {tt ,if a € IN and digit sum of a equals 27

ff , otherwise

A

e : RxRxR—B

%(a,b,c) = {

tt ,if ax? + bx + ¢ = 0 has at least one solution
ff , otherwise

e geq:RxR—+ B

- —‘\ , /ﬁi‘wmeVCJ
géq(a, b) = {tt

ff
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Same Game: Function Symbols
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true?fal867:7<7>7§727 f?g Y X7Y7 Z7 d? x?:y? Z?

We assume a set of function symbols to be given, typical elements f, g.

e Each function symbol f has an arity n € INy;  shorthand notation: f /n.
o A function symbol f/n is called a constant if and only if n = 0.

Syntax

In the following, we assume the following function symbols

o constants: i /0 foreachi €[Bg R (fox eacl rex [ s e 7[?% )
o binary(ie.n =2); <+, - T asSuvne Ok %/w cAa éjwéo/

The semantics of an n-ary function symbol f

is a function from R™ to R, denoted f,ie. f : R" — @

For constants (arity n = 0) we have f € R.

Examples:

e 0=0cR,2T=27TcR,

o4 :RxR—R, +(a,b)=a+b
4+(1,2) = 3.

Semantics
(meaning)
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One More Time
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To better distinguish syntax from semantics,
we could choose to work with the following symbols for natural numbers:

e Syntax:
® zero,one, two, ..., twentyseven, ...

(@ll with arity 0)

e Semantics:

e zero =0 € R,
e one =1 € IR,
o two = 2 c R,

o twentyseven = 27 € IR,

/39



One More Time
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To better distinguish syntax from semantics,
we could choose to work with the following symbols for natural numbers:

e Syntax:
e 0,1,2,...,27, ...
(@ll with arity 0)

e Semantics:

>

e 0=0€eR,
° iZIER,
° QZQER,
o ...,

o 27T=27€R,
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Symbols: State Variables and Domain Values
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true?fa’lse7:7<7>7§727 f7g7 X7Y7Z7 d7 x7y7’z7

o We assume a set ‘Obs’ of state variables or observables, typical elements X, Y, Z.

o Each state variable X has a finite (semantical) domain D(X) = {d1,...,d.}.

o A state variable with domain {0, 1} is called boolean observable.

e For each domain {dy,...,d,} of a state variable in ‘Obs we assume

e symbols dy, ..., d,

e Example:
o state variable F' (“flame sensor”), domain D(F') = {0, 1},
symbols 0, 1 with0 =0 € IN;, 1 = 1 € IN,.

o state variable T (“traffic lights”), domainD(T) = {red, green},
symbols red, green with with red = red € D(T), gréen = green € D(T).

13/39



Interpretation of State Variables
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e The last semantical domain we consider is

o the set Time of points in time,

e mostly, Time = IRQ)L (continuous / dense), M
sometimes Time = IN; (discrete time).

e The semantics of a state variable is time-dependent.
It is given by an interpretation Z, i.e. a mapping

T:0bs— (Time—D), D= |] D(X),
X €O0bs

assigning to each state variable X € Obs a function

Z(X) : Time — D(X)

such that Z(X)(¢) € D(X) denotes the value that X has at time ¢ € Time.

o For convenience, we shall abbreviate 7( X') to X7.

————

14/39
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Evolutions over Time vs. Interpretation of State Variables
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o Let Obs = {o0bs, ..., 0bs,} be a set of state variables.
e Evolution (over time) of Obs:

7 : Time — D(o0bsy) x -+ X D(obs,,).

e Interpretation of Obs:
7 : Obs — (Time — D).

e Both, 7 and Z, represent the same timed behaviour if,
o forallt € Time,
o L(obs;)(t)=m(t) i, 1<i<n,or

o w(t) = (Z(0bs1)(t),...,Z(0bsy)(t)) = (0bs1,(t),..., 0bs,,(t)).
———

L — )
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Example: Evolutions vs. Interpretation of State Variables
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i L
A Te = DO e ) DKL) eyl Y I
¢ Time
e obs; = H, obsy = G, obsy = I, obss = F
o 7(t) = (1,1,0,1), T(H)(t) = Hz(t) = m(t) L1 =1,
T(1)(t) = I2(t) = n(t) 4 3 = 0. -
{I‘W“’%D
o 7:0bs— (Time—D): ,——— “——
H— :
G+— ;
I— 1
F -

Time
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Predicate / Function Symbols vs. State Variables
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true?fa’l8€7:7<7>7§727 f7g7 X7Y7Z7 d7 x?:y?Z?
Note:

o The choice of function and predicate symbols introduced earlier, i.e.
o true, false,=, <, >, <, >,
0 0,1,...,
o +,-
and their semantics, i.e.
o true is the truth value tt € B,
o =:R? — Bisthe equality relation on real numbers,

o 0Oisthe (real) number zero from IR,
o +:IR? — Risthe addition function on real numbers,

is fixed throughout the lecture.

_— —

o The choice of observables and their domains
depends on the system we want to describe. @

17/39
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Symbols: Global Variables
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true?fa’l867:7<7>7§727 f7g7 X7Y7 Z7 d7 x?y7'z Y

o We assume a set ‘GVar’ of global (or logical) variables, typical elements z, y, z.

~

o The semantics of a global variable is given by a valuation, i.e. a mapping
YV :GVar - R

assigning to each global variable x € GVar a real number V(z) € R.
We use Val to denote the set of all valuations, i.e. Val = (GVar — R).

Global variables are fixed over time in system evolutions.
G‘VO‘\( = ;X, U f
IXPO, Yy 7 i

) =
L= 3xm3h g =2

18/39
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Symbols: Overview
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Syntax Semantics
(meaning)

predicate symbols
true, false, =, <,>,<.> | true=tt€ B, =:R? > B
function symbols
f/n.g f:R" =R
state variables
X,Y,Z Z(X) : Time = D(X)

domain values

d

global variables

‘/L‘?y)Z
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Duration Calculus: State Assertions
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We will introduce four syntactical categories (and abbreviations):

(i) Symbol§% y

true)fa’l867 7<7>7§7Z7 f7g7 X7Y7Z7 d? ZC,y,Z,

(i) State Assertions: |
P:=0[1|X=d|-P |PAAP, (P)

(iii) Terms:
Ou=a|L|[P]|f(b1,....0,) | (0)

(iv) Formulae:

Fo=p(0,...,0,) | ~F1L | FL AN By WmoF1|F1;F2;f(;E)

(v) Abbreviations:

1, [P], [PY, [P]%, OF, OF

21/39
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State Assertions: Syntax
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o The set of state assertions is defined by the following grammar:
P:=0|1|X=d|=P |P AP,

where

e X € Obsis a state variable,
e d denotes a value from X'’s domain,

We shall use P, (), R to denote state assertions.

e Here, 0, 1, ‘=, "=, and ‘N’
are like keywords (or terminal symbols) in programming languages.

e Abbreviations:

 We shall write X instead of, X = 1if X is boolean, i.e.if D(X) = {0, 1},

o Assume the usual precedence: — binds stronger than A

e DefineVv, — , «<—— asusual.

22/39
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State Assertions: Examples

o4 &
P:=0|1|X=d|-P | P AP
Observables F, G, D(F) = {0,1}, D(G) = {0, 1, 2}. ke VA
o 0 @ X, D(X) = ;@ggdm\mi
VF_1/0 X*E ]54&& As T ROL

o Fv/ @+ o

o ~(F=1)v OB

._.F\/@waéér

o GXK (F=1)= (6=1) X

« G=2 Fyé=ﬂx

o F=GX iy St ass
F=1AG=1v 6

‘\HF—MG )V v

F=1AG=1) (-F)=1AG=1  (F=)rG=1/

23/39
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State Assertions: Semantics
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e The semantics of state assertion P is a function
Z[P] : Time — {0, 1},

i.e., Z[ P](t) denotes the truth value of P attime ¢ € Time.

o Thevalue Z[P|(t) is defined inductively over the structure of P:

7[0](t) = 0
Z[1](t) =1
4 Xe(e)=d
base. cases X =dio = {O ) eiarnises
<v:(ch; 0 =P =1 - TIERT)

I[Py A P](¢) = {g ' figjﬂ@)ff el

24/39
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State Assertions: Notes
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o If X is a boolean observer. the following equalities hold:

ZIXI®) 5= TX = 1)) = Z(X)(8) = Xz(8).
d,éét\f_ bo'/oéaé \aéédt’(x

valuss (0, 7)

o Z[P] is also called interpretation of P.

We shall write P as a shorthand notation.

e Here, the state assertions 0 and 1 are treated like boolean values (like tt and ff),
it will become clear in a minute, why 0, 1 is a better choice than tt and ff.

25/39
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State Assertions: Example
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o Interpretation Z of boolean observables G and F

Gz

1
0
| —
F_’[ Do
0

<7 LI(2) 0 112 2 3 A Time

' ' = - =/ (+=
o\ Consider state assertion L G N —-F ( =) a4 (F 7/)
o L7(1.2) =1, because

TT G A-Fi&)=1 becase TC6I&)=TILG=(5¢)

= G.&)=1 =1,

* Lz(2) =0, because LL-FIc) = /;I[F:/]/é/
4

IC=136)= (T (¢)=7= 0

o Interpretation of L as timing diagram:

0 P . .

Lz

1.

0 112 2 3 4 Time

26/39
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Duration Calculus: Terms
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Duration Calculus: Overview
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We will introduce four syntactical categories (and abbreviations):

(i) Symbols:

p,q

7\

~

rtrue7fa’l867:7<7>7§727 f7g7 X7Y7Z7 d? ZC,y,Z,

(i) State Assertions:
P:=0|1|X=d|-P|P AP,

(iii) Terms:
O:=x|Ll|[P| f(O,...,0,)

(iv) Formulae:

F::zp(@l,...,en)\ﬁFl\Fl/\Fg ‘V£0F1|F1;F2

(v) Abbreviations:

1, [P], [PY, [P]%, OF, OF

28/39



Terms: Syntax
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o Duration terms (or DC terms, or just terms) are defined by the following grammar:
0=z |C|[P|f(br,....00
where

o xisaglobal variable from GVar, e f afunction symbol (of arity n).
e Pis astate assertion, and

o V"and [’ are like keywords (or terminal symbols) in programming languages.

o (is called length operator, o [iscalled integral operator.

o Notation: we may write function symbols in infix notation as usual,
i.e. we may write 0, + 05 instead of +(6;,65).

—
f’c‘ﬂ-k VgVt
L

29/39


westphal
Bleistift

westphal
Bleistift


Terms: Syntax
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o Duration terms (or DC terms, or just terms) are defined by the following grammar:
0=z |C|[P|f(br,....00
where

o xisaglobal variable from GVar, e f afunction symbol (of arity n).
e Pis astate assertion, and

o V"and [’ are like keywords (or terminal symbols) in programming languages.

o (is called length operator, o [iscalled integral operator.

o Notation: we may write function symbols in infix notation as usual,
i.e. we may write 0, + 05 instead of +(61, 65).

Definition 1. [Rigid]

A term without length and integral operators is called rigid.

29/39



Towards Semantics of Terms: Intervals
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o

o Letb, e € Time be pointsintimes.t. b <e.

Then [b, e] denotes the closed interval {x € Time | b < x < e}.

e We use ‘Intv’ to denote the set of closed intervals in the time domain, i.e.

Intv := {[b,e] | b,e € Time}.

o Closed intervals of the form [b, b] are called point intervals.

30/39
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Terms: Semantics
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e The semantics of a term 6 is a function

7[0] : Val x Intv — R,

that is, Z[6#] maps a pair consisting of a valuation and an interval to a real number.

o Z[0](V,[b,€]) is called
o the value (or interpretation) of 6
e under interpretation Z and valuation V

e intheinterval [b, €].

o The value Z[0](V, |b, €]) is defined inductively over the structure of 6:
Z[z](V, [b,e]) = V)
KJ:Q—M/Q(/‘M ,'
TV, [b.e)) = —;J S
s case

wouch. SHgs ] Z[J P](V, [b,€)]) /P(é

TG 0]V bel) = F( TEOIPLeeT] ”’@ﬂ(‘w)

31/39
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Terms: Example

V(z) = 20.

777, 7
( . , 1 ,

0—

T

L T l T .
0 bygs 1 W 2 3 Je 4 Time
3,28

Consider theterm 6 = x - [ L.

o Z[8](V,]0.5,3.25]) = Z[-(z, [ L)](V, [0.5, 3.25])
—( Z[z](v,]0.5,3.25]), Z[J L](V,[0.5,3.25]) )

( V(x), Z[[L](V,[0.5,3.25]) )
°( 20, Z[fL](V,[0.5,3.25]) )
:?( 20, /3'25Lz(t)dt ):?( 20, 1.25 )=20-1.25=25

e Z[O](V,[15,1.5)) =0

32/39
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Terms: Is the Semantics Well-defined?
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e So,Z[[ P](V, |b,€]) is / Pz(t) dt — but does the integral always exist?
b

o |IOW:is there a Pr which is not (Riemann-)integrable? Yes. For instance

{1 ifteQ

PrH =14 ifteQ

o To exclude such functions, DC considers only interpretations 7 satisfying the
following condition of finite variability:

For each state variable X and each interval [b, ¢] there is
a finite partition of |b, e| such that the interpretation
X7 is constant on each part.

Thus a function X7 is of finite variability if and only if, on each interval [b, €],
the function X7 has only finitely many points of discontinuity.

33/39
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Remark 2.5. The semantics Z[0] of a term is insensitive against changes
of the interpretation 7 at individual time points.

More formally:

o LetZ;,7Z, beinterpretations of Obs such that Z; (X )(t) = Zo(X)(¢) forall X € Obs

andallt € Time\ {tg,...,tn}.
Then Z; [0](V, |b, e]) = Z2[[0] (V, [b, €]) for all terms 6 and intervals [b, €.

Remark 2.6. The semantics Z[0] (V, |b, e]) of arigid term does not depend
on the interval [b, €].

34/39
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Syntax / Semantics Overview
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Syntax Semantics
(meaning)
predicate symbols
true, false, =, <, >, <, > true=tte B, =:R?—> B
function symbols f/n,g f:R" > R
state variables X,Y, 7 Z(X) : Time — D(X)
domain values d d e D(X)
global variables =, y, 2 V(i) e R
state assertions P Z[P] : Time — {0,1}
I[P](t) € {0, 1}
terms 6 Z[0] : Val x Intv — R
Z[0](V, [b,e]) € R
Arinln I

]]
) TLEF]: Vals btv =345 5
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Content
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e Symbols

—(e predicate and function symbols
(e state variables and domain values

— e global (or logical) variables

e State Assertions

e syntax
e semantics

e Terms

—(® syntax
—(e rigid terms
—e intervals
—e semantics

(e remarks
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Tell Them What You’ve Told Them. . .

-3-2017-10-26 - Sttwytt -

e State assertions over

e state variables (or observables), and
e predicate symbols

are evaluated at points in time.

The semantics of a state assertion is a truth value.

e Terms are evaluated over intervals and can

e measure the accumulated duration of a state assertion,
e measure the length of intervals, and

e use function symbols.

The semantics of a term is a real number.

o The value of rigid terms
is independent from the considered interval.

o The semantics of terms is insensitive
against changes at finitely many points in time.
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