Decision Procedures

Jochen Hoenicke

Software Engineering
- Albert-Ludwigs-University Freiburg

UNI
FREIBURG

Winter Term 2019/2020

Jochen Hoenicke (Software Engineering) Decision Procedures Winter Term 2019/2020

1/376



Quantifier-free Rationals



Dutertre—de Moura Algorithm &

@ Presented 2006 by B. Dutertre and L. de Moura
@ Based on Simplex algorithm

@ Simpler; it doesn't optimize.
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Non-basic and Basic Variables g

The set of variables in the formula is called A/ (set of non-basic variables).

Additionally we introduce basic variables 3, one variable for each linear
term in the formula:

Yi = apnxy + apxz + -+ ainXp
The basic variables depend on the non-basic variables.

Note: The naming is counter-intuitive. Unfortunately it is the standard
naming for Simplex algorithm.

We need to find a solution for y3 < b1,...,¥m < bny
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Computing Basic from Non-basic Variables g

The basic variables can be computed by a simple Matrix computation:

p4! ai1 ... din X1

Ym dml .-+ dmn Xn

One can also use tableau notation:

‘ X1 e Xn
yir| a ... din
Ym | dm1 ... dmn

We start by setting all non-basic to 0 and computing the basic variables,
denoted as fyp(x) := 0. The valuation f3s assigns values for the variables
at step s.
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Configuration g

A configuration at step s of the algorithm consists of

@ a partitioning of the variables into non-basic and basic variables

-A/:‘; U BS = {Xl)"'7xn7yla‘°'ym}a

@ a tableau A (a m x n matrix) where the columns correspond to
non-basic and rows correspond to basic variables,
@ and a valuation s, that assigns
° 5S(X,') = 0 for x; € N,
o Bs(yi) = b for yi € N,
o Bs(zi) = 3., en, 2iB(z) for z; € Bs.
(Here z stands for either an x or a y variable.)

The initial configuration is:

No = {Xl,...,X,-,},Bo = {yl,...,ym},AO = A,ﬁo(X,') =0

In later steps variables from A and B are swapped.
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Pivoting aka. Exchanging Basic and Non-basic Variables &

Suppose (s is not a solution for y3 < by,...,ym < bpm.
Let y; be a variable whose value Ss(y;) > b;.
Consider the row in the matrix:

Yi = aiz1 + ajpz2 + -+ + ainzp

Idea: Choose a z;, then solve z; in the above equation.
Thus, z; becomes basic variable, y; becomes non-basic.
Then decrease (y;) to b;.

This will either decrease z; (if a;j > 0)

or increase z; (if a; < 0, z; must be a x-variable).
Solving z; in the above equation gives:

ai1 ai2 din
Zj= ——a+ "2+ + ——zy+ —y
—ajj —ajj —ajj ajj
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Result of Pivoting

After pivoting y; and z; the matrix looks as follows:

aj aj 7!

v = (au - aljjfl)zl +ok Py o+ (A -

a,‘j a,j

zj = _ﬂzl+..._|_ 1)’i+"'+

Ym = (am1 — ang:il)zl+”'+ﬂyi+"‘+(3mn_7

ajj

Now, set 5s11(y;) to b; and recompute basic variables.
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Detecting Conflicts g

We may arrive at a configuration like:
Vi :0‘X1+"'+3ij1yjl+"'+aijkyjk+0'xn
where the non-basic y variables are set to their bound:

55()@1) = bjw"'?ﬁs(yjk) = bjk’

coefficients of x variables are zero, coefficients aj;,,...,a; < 0, and
Bs(yi) > bi.

Then, we have a conflict:
Y < by A-e- Ny < b = yi > bi

The formula is not satisfiable.
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Example g

Consider the formula
F:x1+x>4Ax1—x <1

We have two non-basic variables N' = {x1, x2}.
Define basic variables B = {y1, y2}:

A
X

yi = —X1 — Xo, p4!
Yo = X1 — Xz, Y2

IN
—

We write the equation as a tableau:

X1 X2
yi|-1 -1
Vo 1 -1
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Example (cont.) -

Tableau: Values:
X1 X2 x1=x =0
yi|-1 -1 =y =0> —4()

y2| 1 -1 =y =0<1

Pivot y1 against x1: x3 = —y1 — Xo.

New Tableau:
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Example (cont.) 2

Values:
)/1 - _47X2 - 0
— X1 = 4

—>y2:4>1(!)

y» cannot be pivoted with y;, since —1 negative.
Pivot y» and xa:

New Tableau:
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Example (cont.) -

Tableau: Values:
Y2 yi=—4y=1
—x1 = 25
—xp = 1.5

We found a satisfying interpretation for:

F:x1+x>4Ax1—x <1
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Example &

Now, consider the formula
Flixi+x>4Ax1—x<1Ax <1

We have two non-basic variables N' = {x1,x}.
Define basic variables B = {y1, y2, y3}:

Y1 = —Xx1 — Xo, nn <-4
Yo = X1 — X2, v <1
y3 = Xxo, 3 <1

We write the equation as a tableau:

Jochen Hoenicke (Software Engineering) Decision Procedures Winter Term 2019/2020 237 / 376



Example (cont.)

The first two steps are identical:
pivot y1 resp. y» and xj resp. xo.
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Example (cont.) -

Tableau: Values:
vi=-4y,=1
—x1 = 2.5
—xp = 1.5

Sy; = 15 > 1

Now, y3 cannot pivot, since all coefficients in that row are negative.
Conflictis —x1 —x0 < 4 Axg —x <1—x > 1.
Formula F’ is unsatisfiable
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Termination g

To guarantee termination we need a fixed pivot selection rule.

The following rule works:

When choosing the basic variable (row) to pivot:
@ Choose the y-variable with the smallest index, whose value exceeds
the bound.

@ If there is no such variable, return satisfiable
When choosing the non-basic variable (column) to pivot with:

o if possible, take a x-variable.

@ Otherwise, take the y-variable with the smallest index, such that the
corresponding coefficient in the matrix is positive.

@ If there is no such variable, return unsatisfiable
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Algorithm &

The simplex algorithm is as follows.

Q Start with initial tableau: N = {x1,...,x,}, B = {»1,---,¥Ym}
matrix A and 5(x;) = 0.
@ Find row variable y; with smallest /, such that 5(y;) > b;.
If no such row exists, return satisfiable.
© Find column variable z for pivot step:
o If there is an x; with aj; # 0, set z := x;.
o Else, if there is an y; with a;; > 0, pick the one with smallest index j
and set z := y;.
o Otherwise, return unsatisfiable.

Q Pivot y; and zz N := N\ {z} U {y;}, B := B\ {yi} U {z},
update A, set B(y;) := b;, recompute 3 for basic variables.

© Repeat with step 2.
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Termination Proof g

Assume we have an infinite computation of the algorithm. 2"
Let y; be the variable with the largest index, that is infinitely often pivoted.
Look at the step where y; is pivoted from a non-basic variable and where
for k > j, yx is not pivoted any more. The (ordered) tableau at the point
of pivoting looks like this:

[ x o x _y -y gy

vil0O -+ 0 —=/0 -~ —/0 + =+/0

(4 denotes a positive coefficient, — a negative coefficient)

After pivoting the tableau changes to:
‘ X . .. X y . .. y _yl y

yl0o - 0 +/0 - +/0 + =F/0
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Termination Proof (cont.) 2

=

——B_

zy

After pivoting the tableau changes to: ow
| x - x y y i y
yil0o - 0 +/0 -+ 4+/0 + F/0

Z akbk + Z akbk = Bs(yj) < bj, where a, > 0 for k < j.
k<j,yk€Ns k>j,yk€Ns

Although the tableau changes, the relation with holds for all 5.

7 dooaB)+ Y aBn)

k<j,yk€Ns k>j,yk€Ns

Now look at the step s’ where y; is pivoted back.

By the pivoting rule: By (yk) < by for all k < j.

For variables with k > j, if yx € N then yx € Ny and By (yk) = bxk.
At step s', B« (y;) can only get smaller. This contradicts B« (y;) > bj.

Therefore, assumption was wrong and algorithm terminates.
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Strict Bounds g

Z“
With strict bounds the formula looks like this: ow
aixi + axe + -+ axp < by
Najixy + aipxa + -+ + ajnxn < by
AaGipyixa + aGrieXxe + 0+ agrneXn < bit

Namix1 + amXx2 + -+ + amnXn < by
If the formula is satisfiable, then there is an ¢ > 0 with:

anxy + axe + -+ + aipxp < by

Aajix1 + appxo + -+ + aipxp < by
AaGipyixt + aGpiexe + 0+ agynXn < biy1 — €
AamixX1 + amaXo + -+ 4+ ampXn < by — €
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Infinitesimal Numbers g

We compute with ¢ symbolically. Our bounds are elements of
Q: :={a1 + ae | a1,a € Q}
The arithmetical operators and the ordering are defined as:

(a1 + a2e) + (b1 + bae) = (a1 + b1) + (a2 + bo)e
a- (b1 + boe) = aby + aboe
a1+ age < by + byeiff a3 < by V(a1 = b1 A ax < by)
Note: Q. is a two-dimensional vector space over Q.
Changes to the configuration:
@ [ gives values for variables in Q..

@ The tableau does not contain ¢. It is still a Q™*" matrix.
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Example &

Fi :3x1 +2x% <5A2x1 +3x% < 1AXx +x >1
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Example F

Step 1:
x1 x| B b;
810 0
vi| 3 2|0 5—¢
Y2 2 3|0 1—¢
y3 -1 -1]0|-1—-¢ (1
Step 2:
¥3 X2 B8 b;
8l -1—¢ 0
n 3 -1{3+3|5-—¢
¥2 2 1|2+42|1—-¢2 (1)
X1 -1 -1 1+ 1e
Step 3:
¥3 ¥2 8 bj
B|l-1—-¢ 1-—c¢
» -5 -1 44+6|5—¢
Xo 2 1|-1-3¢
X1 -3 -1 2 + 4e

Bly1) =4 +6c <5—¢(for0 <e <1/7).
Solution (¢ = 0.1): x; = 2.4, x2 = —1.3.
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Example &

Fo :3x1 +2x% <B5A2x1 —x0 >1AXx1 +3x >4
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Example F, g

Step 1: 5E
x x| B bi
310 o0
vn| 3 2|0 5—¢
yvpl-2 1{0]-1—-¢ ()
y3|-1 3|0 —-4—-—¢ ()
Step 2:
X1 Y2 ﬁ bl
Bl 0 —-1-—¢
vi| 7 2| -2 -2 5h—e¢
X | 2 1 —-1—¢
vz | -7 -3 343 | -4—-¢ (1)
Step 3:
y3 ¥ B bj
B|-4—¢c —-1-c¢
»n -1 -1 5+2 |5-—¢ (!)
X2 -2/7 1/7 |1+ 1/7e
X1 -1/7 S3/7 | 1+ 4)7¢

Now 5 + 2¢ > 5 — ¢ but all coefficients in first row negative.

Unsatisfiable.
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Correctness of the Algorithm g

Theorem (Sound and Complete)

Quantifier-free conjunctive Y.g-formula F is Tg-satisfiable iff the
Dutertre-de-Moura algorithm returns satisfiable.
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